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FREDERICK CHARLES BOON. 
1875-1939. 


MemBeERS of the Association will deeply regret to hear of the death 
of F. C. Boon. Readers of the Gazette and members attending the 
Annual Meetings will not need to be told of the immense work he 
did for the Association, in his contributions to the Gazette, his part 
in discussions, the way he literally carried the London Branch as 
Secretary and as Chairman, his years of strenuous and fruitful 
service on the Teaching Committee. His stalwart defence of the 
so-called “‘ duffer”’, the essential soundness of his outlook, his 
fatherly treatment (the boys at Dulwich called him “‘ Daddy Boon’’), 
his patience and kindliness in debate, by these he was known. 

We who served under him at Dulwich College, where he was 
Principal Master in Mathematics from 1909 to 1936, retiring in the 
latter year after thirty-three years at the school, saw applied in 
practice the principles he upheld in article and debate. To serve 
under him was a pleasure and an education in itself. After his 
retirement to live in Dorset, he kept in touch with his many interests 
in Dulwich and in the Association, and indeed worked as hard as 
ever. He appears to have been everything from Local Secretary 
to Stage Carpenter in the local society. 

Two of his publications are worth a place on everyone’s shelf : 
his Companion to Elementary Mathematics, a unique book, and his 
Puzzle Papers in Arithmetic. 

Whilst it continues to produce such men, mathematics as a form 
of culture need fear the rivalry of no other subject. Meantime, we 
feel we have lost a friend and it will take time to accustom ourselves 
to our loss. H.V.S 
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EDUCATION AND THE STATISTICAL METHOD IN 
BUSINESS—WITH SPECIAL REFERENCE 
TO RAILWAY STATISTICS.* 


By Lorp Stamp. 


In accepting the invitation to address the members of the As- 
sociation I made one condition, that if I came I should be allowed 
to speak informally. You will, I hope, forgive me if owing to the 
pressure of meetings, during which I have been trying not to square 
the circle but to get a “‘ square deal ”’, I have been unable to prepare 
a set discourse. 

I have been asked to develop the theme as to whether education to 
the School Certificate or Higher Certificate stage can do more than at 
present to prepare the scholar for business life in the field of statistics, 
and so you have me “ billed ” as speaking on “ Education and the 
Statistical Method in Business (with special reference to Railway 
Statistics)’. 

Before I deal with that question from experience, I ought, perhaps, 
to run over what are in fact the chief uses of statistics in business 
to-day, because unless that is clearly in mind you will not know 
whether anything that can be slipped into arithmetic, algebra or 
geometry lessons will be of value in that direction. Having run over 
the field of actual practical use of statistics in business life, it will 
be easier to see whether any adaptation of the work in the schools 
and colleges will help towards improvement. I realise, of course, 
how quickly there is a rebellion the moment one suggests any new 
subject being added to the curriculum. If you were told, to start 
with, that you had to find a period a week for statistical method 
there would be a riot. I want it got in like powder in jam. I 
believe a great deal can be done if teachers are aware of the points 
of difficulty and contact and can in the numerous practical illustra- 
tions of problems that are given introduce those which contain the 
particular points that come up in business life. 

Very rarely are advanced mathematical methods of statistics 
used in business. Advanced methods come in, of course, with the 
specialist in biology and scientific subjects, but rarely in ordinary 
commercial subjects. I should advise any lad leaving school or a 
fellow coming from the ’Varsity and going into a business house not 
to “try it on” if he values his skin with his boss! He may have 
mathematics behind him, but he must not show them. The whole 
art of winning the statistical heart of the chief is not to make him 
expose or even feel his ignorance! 

I have said that very little is used in business in the way of 
advanced statistics. You may, perhaps, not know that thirty years 
ago I was the first to use the coefficient of correlation method 
when in the Inland Revenue Department, summarising the cor- 
relations between the different commercial trade figures over a 


* An address to the Annual Meeting of the Mathematical Association, Tuesday, 
3rd January, 1939. 
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STATISTICAL METHOD IN BUSINESS 123 
period of forty to fifty years : foreign trade of various kinds, bankers’ 
clearing-house, railway statistics and all the other annual trade 
statistics, and finding which had the higher correlation with profits 
and then using them judiciously for extrapolation to help in budget- 
ary estimates. Of course I was regarded as crazy by my colleagues 
when I showed those methods, and I doubt whether they are used 
to any great extent in general business to-day. They are used by 
the mathematical forecasters to provide business men with monthly 
letters and graphs, and comments on what is likely to happen. 
Generally, large business houses only use statistics based upon 
ordinary arithmetic and algebra. Occasionally I find it necessary 
to hand over to one of my experts a problem in multiple correlation, 
but I do not think we need bother about it in the ordinary way. 

And now let me briefly enumerate some thirteen particular uses 
of ordinary statistics applied in ordinary business in which quite 
good arithmetical students and others who have taken credits in 
School Certificate examinations or even Higher, do not feel their way 
about very quickly. 

First, probably the main statistic used in business is the average, 
which is very low from an arithmetical point of view, but of course 
the average is of very little use without some of its appurtenances, 
the standard deviation, the mode, the median and the quartiles. 
In this instance we are dealing with a mass of like quantities without 
the element of time. 

Secondly, there is the moving average, with the element of time, 
and that is very important, it being a great help to the business man, 
in addition to seeing tables of figures, to be able to study them 
graphically. Rapid and graphic representation can provide very 
great help or very little ; it can even be misleading if it is not based 
on sound principles. The ability to put forward a moving average 
which is really appropriate to the data in question involves a little 
more thought than, perhaps, might appear at first sight. 

Thirdly, there are statistics of percentages of various kinds and 
in their practical aspects ; and here, most astonishingly, blunders ~ 
are made in practical use by those whose arithmetic is most perfect. 

Then there are three graphic methods very much used in business. 
First, those which display time progress ; the ordinary chart with 
years horizontally and quantities or other variables on the vertical, 
with the usual line or graph going up and down, being most helpful 
to the eye. Secondly, graphic methods which display comparisons 
of other units by bars, by areas, by representation of cubes, are 
also important though sometimes very deceptive. They are used 
particularly in the field of publicity or propaganda. The third type 
of graphic method much used in business, and which has its analogue 
in ordinary geometry and algebra, is that which displays the connec- 
tion between two variables, functional and related. It is important 
that that method should be thoroughly grasped by the student 
before he uses it and clearly expounded to authorities who have 
recourse to it. 
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Then comes the question of samples. It is often impossible to 
aggregate certain things; it is not possible to use them or reach 
them all, and the aggregate statistical method breaks down because 
a certain percentage of the total cannot be got in time, or is un- 
reliable. Are you then cut off from all statistical knowledge? No. 
It is possible to ask for the ‘‘ good sample’. But what is the good 
sample, and how do you know it? What is the prospect of error in 
a sample compared with its total? Those are factors which occur 
in business. The moment a man says: ‘ This does not represent 
100 per cent. of the facts, but it is so many per cent.”, I ask: ‘“‘ How 
did you choose?” Generally a random sample has been taken. 
Many think a random sample is anything that is not deliberately 
chosen. An alphabetical sample may not be a random sample. 
Actual randomness is in itself a science, but I am not pretending 
that is to be taught in school. The adequacy of sampling is, however, 
very important in business life and an immense time-saver. It is 
possible very often to obtain just as good results with a 5 per cent. 
sample, if properly chosen, as by spending much time aggregating 
those between 95 and 100 per cent. of the total. 

Tlie eighth field of statistics which is valuable in business is that 
of index-numbers, not only public index-numbers which have im- 
mensely grown in number and variety during the last fifteen or 
sixteen years, but also index-numbers for the business itself; the 
construction of an index-number and the keeping of it up to date. 
As you know, an index-number has a base ; the further one gets 
from the base in point of time the more important will become any 
errors or changes in circumstances, and methods of bringing:an index- 
number up to date without invalidating it are very important. 

It may not be easy for you to realise how tremendously business 
has changed in its attitude towards these subjects. I can remember 
an intelligent University friend, when about fifteen or sixteen years 
ago I was discussing with him an index-number of prices, asking 
me ‘‘ What is an index-number?”’ He had not the faintest idea 
what it was or what the index-number was intended todo. Probably 
it would be impossible to find a man in a business of any magnitude 
to-day who is not aware of the utility of index-numbers from the 
public point of view and possibly too from the point of view of his 
own business. 

Ninthly, an important question which is always arising in business, 
especially when one is trying to cut out dead-weight or clerical 
processes that have exhausted their utility, is that of ad hoc statis- 
tical investigations and continuous statistical work. It is often said, 
‘We have been collecting these figures, producing these tables, 
month after month for years past. Who uses them? Why were 
they gathered?” It will probably be found that they were gathered 
to meet some particular occasion or afford some particular informa- 
tion which, once having been obtained, unless there are marked 
changes in the circumstances, is no longer necessary. The collection 


of the figures can be dropped altogether. Another time it will be 
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STATISTICAL METHOD IN BUSINESS 125 
found that there is great disadvantage in having had particular ad 
hoc investigation statistics ten years ago and another set now and 
not to know what has gone on in between. There is, in fact, always 
a contest going on as to the relative value of continuous and ad hoc 
statistics. Ad hoc statistics can generally be much more detailed, 
and it is very expensive to keep them on continually ; it involves 
much tabulation and clerical work and the result may not be worth 
all the trouble that must be taken. In business it is, therefore, 
frequently necessary to decide which of the statistics obtained shall 
be continuous and which ad hoc and, as with so many other things, 
there is often a blend of the two. A certain very important chain 
of main statistics is kept going all the time, and then at intervals 
there is an intensive drive on some particular unit or figure which 
is analysed in great detail. 

I am ‘citing the actual points that arise in connection with business 
statistics so that we may re-analyse and see where the teacher and 
the school can come in. 

Tenthly, an important branch of index-numbers is that of price 
levels, and here I am not sure that very much can be done in school 
life unless the teacher happens to be in one of the fortunate schools 
in which there is a class in economics and it is possible to bring this 
question in. 

Occasionally, as I have said, there is need in business for the 
correlation coefficient. If the Head understands that method it 
saves a great deal of argument. If he does not, it is better to keep 
it out of the way! 

And then my twelfth field of statistical work in business would 
be the discovery and the use of units of cost and performance as 
tools of management, as tests of success. Where there is a very 
chaotic field of work of different kinds with apparently no common 
element, the discovery of some unit upon which it is possible to 
base the main statistics of progress and change is of immense 
importance. 

Then I would put as the thirteenth—and I will not go further 
for luck—graphic ways of eliminating short-period fluctuations. 
If a business man is shown a graph with jagged lines all over 
the place and these short-period fluctuations really do not 
matter in the issue before you—some long-distance policy—those 
jagged lines can be rather disturbing. There are good and bad 
ways of smoothing those curves. Moreover, the business man will 
say: “ That is history ; that brings me up to last year. Can you 
tell me what is likely in the years to come?” Well, extrapolation 
is a risky job, but if it is possible to carry on a smooth curve with 
dotted lines, with some degree of caution and a warning, it is often 
most useful. If it is possible to say that, assuming the tendency of, 
say, the past five years is continued, such and such a point or line 
will be reached, that is useful. In a jagged rough curve, the last 
two or three jags are sometimes not in the least indicative of the main 
trend of the curve itself. 
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American business houses are far more prone to statistics and 
formulae than are the business men of this country. In fact, the 
average American business magnate will have a huge mahogany 
desk, over it a large slab of plate glass under which will be charts 
and curves and so on—all very pretty indeed. There will be no 
business papers about. But, as I have pointed out to them, charts 
are not everything: it is necessary to have the brains to understand 
them. Really, it is quite easy to mesmerise oneself with a number of 
statistical charts. It is far better to have few and simple ones and 
understand precisely how they are made up. 

If you ask what in my experience are the: shortcomings of the 
average scholar from the schools when faced with these things, I 
would say, first, that in the field of averages it would be perfectly 
easy for you to slip into your various illustrations in quite early 
arithmetic those uses of averages which throw up their limitations. 
An average is magnificent as reducing to something which is manage- 
able in the mind a tremendous mass of figures, but in addition to 
revealing the truth it can also be a method of hiding the truth. If 
a simple average is given, nobody knows whether the instances are 
widely divided or close together. Take the well-known illustration 
of the cricketer with the average of 50. Nobody knows whether he 
is in the habit of making something between 40 and 60 or whether 
he always makes either a duck or 100. The average does not tell 
anyone that, but it is very important to know precisely what is 
meant. I regard an average as being only half the information, for 
it may be very deceptive indeed. Until someone has given me some 
measure of dispersion—standard deviation for preference—I do not 
know what that average really signifies in practical life, nor what 
it is a summary of. It is very useful to be able to give the upper 
and lower quartiles or any other percentile ; it is also useful to be 
able to contrast the average with the mode. 

These are simple and elementary questions in connection with the 
statistical method, but I do not see why they should not form a 
practical part of plain arithmetic. The illustrations should show how 
necessary it is, when giving averages, to give the additional factor 
which shows whether the dispersion is a wide one or not. If a 
student can be trained at that stage to think of the mode also, that 
particular group of classes which has the largest number of instances 
and the circumstances in which the mode will differ from the average, 
he will be greatly helped, because then not merely will the student 
be able to do the job when he comes to it in an office, but he will 
have familiarised his mind with an attitude of approach to numerical 
problems. 

To-day most political problems and problems of life are, at bottom, 
economic, and most economic problems, when really tackled, are at 
bottom statistical. Therefore, to get the arithmetical approach 
towards the statistical method rightly adjusted early in life is an 
important contribution towards mental equipment and furniture. 
It can be easily done by the right type of illustrations in textbooks. 
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If I had the time I would write one. Its arithmetic would probably 
be all wrong, but the examples would be fine! 

In business the median is not often used but it can be sometimes 
quickly got at. It is particularly useful when dealing with what I 
might call qualitative things; in cases in which the endeavour is, 
for instance, to arrange things that have no easily determined 
numerical equivalent, such as shades of colour or shades of ability. 
There might be difficulty in giving a qualitative mark to ten boys, 
but it is possible to arrange them in order and get the median. The 
cases in which the median can be used as an average are rather 
important. 

Where I find the ordinary scholar is most at a loss is in dealing 
with weighted averages. It is extraordinary how he gets trapped in 
weighted averages or percentages. Let me cite an example from a 
book written some years ago by Sir William Wood and myself. If 
you told the average scholar that as between two particular years 
the average wagon-load of general merchandise had risen by a 
certain percentage ; that the average wagon-load of coal, etc., had 
risen by so much, and the average wagon-load of “‘ other minerals ” 
had risen by such a percentage and then asked him what had 
happened to all traffic, he would say that that also must be up. But 
need it be? Does it follow that if all the sections have risen, the whole 
must have risen? Actually the whole has fallen, as you will see 
from the following : 

















1922. 1925. Increase. Decrease. 
tons tons 
General merchandise - 2-86 2-90 1-4 
Coal, coke, ete. - - 9-04 9-16 1:3 
Other minerals’ - - 8-45 8-61 1-9 
All traffic - . -  &B2 5:50 0-4 


When dealing with weighted averages it is important to make clear 
that the weight, while hidden, is of great importance and is affecting 
the whole of the figures all the time. 

Tabular statements in which percentages have been worked out 
in the intermediate columns and there is at the bottom an average 
of all the items above have, in my experience, sometimes puzzled 
men because they think of average percentages instead of taking 
the new percentage from the aggregates at the bottom. That is 
quite a common error and it takes time to get it rectified. 

Let me give another illustration of the way in which the teacher 
can help by clarifying the use of averages. 





Tonnage. 
1936 1922 1936 
General merchandise - - 52,000,000 2-96 2:82 .-—4:-7 
Minerals’ - - - - 58,600,000 8-79 9-54 48-5 
Coal, ete. - - - - 190,000,000 9:26 963 +0-4 





300,600,000 560 551 -16 
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If you said that general merchandise and minerals were about the 
same order of magnitude, one having gone down 4-7 and the other 
gone up by 8-5, you would probably be told that together it looks like 
a plus, and as there is another item which has also gone up a good 
deal, the tendency would be to argue that there must be an increase. 
That is the kind of illustration of the use of weighted averages 
which is immensely important from a business point of view. Such 
illustrations should be used in relatively elementary arithmetic to 
bring the actual fact home. The explanation is quite simple, but 
it will be necessary to emphasize it so that pupils may be on the 
look-out. The question of average wagon-load statistics is often 
referred to in newspaper letters by those who have been looking at 
statistics somewhat casually. They are supposed to connote certain 
management efficiencies and the like. There is a tendency to relate 
similar units to very dissimilar conditions, whereas they require 
subdivision and analysis before it is possible to use them for unquali- 
fied illustrations. An overall reduction may be really due to the 
change in the nature of the traffic as a whole, and it illustrates 
the danger of treating as comparable, figures which are reaily of a 
different order. A wagon may have a weight capacity of 12 tons. It 
may be fully loaded with empty crates weighing only 6 cwt., so that 
if light-weighing traffic increases proportionately to the whole, then 
the average load stated in tonnage will distort the comparisons. It 
is quite a favourite device in modern traffic for heavy goods to be 
sent out by road and empty crates to be sent back by rail. You will, 
I know, forgive the King Charles’ head! 

Although I have done it somewhat haltingly I trust I have suffi- 
ciently indicated the type of illustrations that can be put into 
ordinary use in arithmetic and which will greatly help the scholar’s 
mind in dealing with these highly important business methods 
relating to both percentages and averages. 

Now comes the moving average when there is a jagged line and 
annual or monthly figures jump up and down a bit. You then 
drive a nice straight line through them to represent the moving 
average—it may be a three-years’ or a five-years’ average ; a moving 
average is usually determined according to any natural cycle there 
is in the figures—eliminate the cycle as far as possible and flatten 
out figures to show the trend. A well known American method, or 
index-number, uses a moving average which shows the heavily shaded 
area below the average and the heavily shaded area above it differ- 
ently hatched and reveals with a great show of wisdom and recon- 
dite discovery that the area below the line must be equal to that 
above it and therefore at any given moment you can know what can 
be expected above and below the line. The fallacy of that method 
is that the areas are determined by something already passed and 
the moving average may now take a jump up or down. It is not 
possible to say from that definitely what the future is going to be, 
but it has bemused the American public quite successfully for many 
years and will go on doing so. They feel they have had so much 
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more above the line than below that they are in for some more 
below the line. In a rough way there is a little in it. But it is very 
important when dealing with questions of average over periods of 
time to give the necessary warning in regard to the relativity of the 
vertical and horizontal measurements. Take a common case used 
every day in the newspapers, and I have no doubt in textbooks on 
various subjects, of illustration of the progress, let us say, of the 
total export from Fiji of tin tacks from the year 1870 to the present 
day, with your base line of years and vertical line of quantities 
telling the whole story. Now it is possible to induce in a board of 
directors either extreme optimism or extreme pessimism by some 
such graph, according to how the base is chosen: the line may be 
one going up and down smoothly and very steadily, or it may be 
one full of jags. The choice of the size of the interval for the base 
and vertical units is very important from that point of view. There 
is no settled rule, but I have found that if one wishes to avoid those 
two extremes when men are looking at a graph very quickly at a 
committee or board meeting, it is necessary to use such base inter- 
vals and vertical units so that no ordinary fluctuation of the figures 
that does not give rise to any question of policy or shock to the 
feelings should be represented by any angle sharper than a right- 
angle—if possible, a much wider angle. Only those changes in 
direction which are really important and indicate that something 
startling has happened should come out on the graph with an angle 
sharper than a right-angle. There is no particular virtue about such 
an angle, but it has the effect upon the untutored human mind that 
something terrific has happened if it is sharper than a right-angle ; 
you need not worry much if it is wider. That is my experience, and, 
after all, the graphic method is only to be used because of its appeal 
to the mind through the eye. The appeal to the mind by the graphic 
method must be made in such a way as not to distort the truth. It 
should help the mind, and therefore there must not be a false 
impression created either way. Whether or not this is a school 
subject I cannot say, but it seems to me that it would be advan- 
tageous to illustrate to the class how a mere change of the intervals, 
vertical and horizontal, can affect the appearance of a graph. 

When I was at school myself the representation of two variables, 
functional and related, by the characteristic geometrical method, 
was in its infancy. I presume that it is now taught to the 3rd form. 
But whatever form absorbs it, it is extraordinarily useful. I suggest 
you illustrate the line joining all the related points from economic 
and social statistics to a much greater extent than you are doing, 
because it is of very great help to the young man coming to study 
new subjects to be able to present facts in that way. I do not 
mind whether you are relating price per unit with the quantity sold 
at such and such prices or other variables that occur in physics and 
mechanics ; whatever they are, the more you can train the student 
to use that type of illustration the better will it be for his adapta- 
bility in the use of business statistics. The average elderly business 
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man to-day finds it rather a mental effort to follow a graphic repre- 
sentation of that kind. He goes over it very carefully with his finger, 
gets one or two landmarks which he knows, and then it begins to 
dawn on him. The rising generation will leap to it. They will 
know in a moment by the rise or fall of the line, and particularly 
by the intersection of two lines, or the way in which two sets of 
observations diverge, the whole truth of the facts presented. Any 
graph of that description is, as you know, worth ten pages of letter- 
press or other type of description to any who can follow it. In 
algebra and geometry when using those methods it will be of im- 
mense assistance to illustrate freely from social and economic 
statistics. 

There is a form of graphical representation, which is not used in 
board rooms and committees but in advertisements and publicity 
and for propaganda purposes, in which the difference between two 
things is shown by means of bars, areas or cubes. Recently a 
wonderful poster was brought to me illustrating certain railway 
figures by means of a railway arch. The only mistake about it was 
that the railway figures were strictly lineal and the arch was in three 
dimensions, so the division of the arch according to those figures 
totally murdered the real truth. The older amongst you will remem- 
ber the row there was over the Big and Little Loaf. You know 
that to represent one thing as twice the size of another by two lines, 
one twice the length of the other, is legitimate ; but to represent 
them by two trees or two men is quite another matter, and the loaf 
twice the size of the other one does not look much bigger merely 
pictorially represented, but to make it twice the height, twice the 
depth and twice the width conveys the impression desired at the 
expense of the truth. In the use of graphic methods of that kind it 
is not putting it too high to implant an awareness of that kind of 
fallacy while you have the chance to introduce a good deal of 
elementary statistical method without the pupil knowing it. 

The greatest peril of statistics is the use of figures and mathe- 
matics and putting all these things through the mill without being 


thoroughly aware of the nature of the material used. That is the § 


greatest danger. Nobody should be allowed to do statistical exer- 
cises with a mass of statistical data without studying the nature of 
the data used: how it is collected and what it represents. It is 
possible to produce the most ridiculous results with the most elabor- 
ate mathematics because of the statistical defects, shortcomings or 
limitations of the material. You have heard of the railway statistic 
representing the “ operating ratio’, by which is meant the propor- 
tion of receipts absorbed by working expenses. You have heard of 
a particular concern working at the operating ratio of 80 and another 
working upon 70 and therefore you conclude how much more 
efficient is the one working at 70; and indeed if the same concern 
moves from 80 to 70 it means that something important has 
happened. But if you merely compare two concerns one of which 
is 80 and the other 70. you may be very wrong in your judgment. 
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Take for example, capital expenditure. You may introduce a great 
amount of capital expenditure in order to reduce the working 
expenses, and the difference between an operating ratio of 75 and 
one of 80 per cent. may be the much greater introduction of capital 
for labour-saving devices in the one than in the other. Before 
dropping into the fallacy of using operating ratios, except for the 
same concern, it is necessary to be sure that you have a full picture 
of what I might call capital auxiliary, and then when using it for 
the same concern you need to have the full picture of the elements 
in the expenses, such as rates and wages and so on, which may have 
changed in the interval. That is one illustration amongst many I 
could give of the fallacy of comparing things which appear to be of 
the same nature without going deeper into the constituents. 

I referred to one of the business requirements, and I have no 
doubt you could use it in many school activities, of finding a unit 
that can be handled easily. I have experienced a very graphic 
illustration of that. When I first went into the railway world, not 
knowing the difference between a locomotive and a guard’s van, I 
was much disturbed, and still am, by the rival claims of engineers. 
One expert would insist we wanted another 100 of such and such 
locomotive. When asked why that one and not another he would 
say, “‘ Oh, it is so much more economical in fuel and oil and will 
pay for itself handsomely’. Another would say that we wanted one 
hundred more so-and-so in a different class, and when asked why he 
would reply, ““ Look how much cheaper they are in first cost ”’, and 
a third engineer would say, ‘‘ They have not the same life”; that 
that type of locomotive would only last so long, and again mention 
first cost, coal consumption, length of life, and so on. And then 
would come the fourth engineer and say that that type of locomotive 
was very heavy on maintenance, that it was always “ in the shops ”’, 
while a fifth might say it did not stay long there, that it could be 
got out quickly! There would be about six or seven variables, each 
man riding his own particular hobby-horse. What was a poor manage- 
ment to do with all this expert advice? 

We hit upon the idea of the unit cost of a locomotive throughout 
its life, in which all the factors came out in one figure. So every 
locomotive had its own history table, and every one of the items— 
coal consumption, initial cost, time out of service, cost of mainten- 
ance and the like—were got out in actual unit costs, not only per 
annum but per mile run, or even per ton mile. It was an expensive 
matter, but within two or three years—the whole story is set out 
in the technical handbooks—we obtained sufficient information with 
regard to the relative merits of particular types of locomotives, 
reduced to a single comparable unit, to enable us to embark upon 
new capital programmes with confidence. There was such a dif- 
ference in results as would swamp any small arithmetical errors 
there might be, and so striking as to overcome all argument. All 
engineers, from whatever school they came, had to bow to the facts 
as displayed. Even in the question of regulation of the repairs we 
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were able to save sufficient money in the first year or two to pay for 
the whole installation of the scheme. In the course of ten years we 
have been able to inaugurate very large capital expenditure pro- 
grammes on the basis of the truth taught by that unit system. We 
have been able to introduce for the construction and repair of 
locomotives the belt system as used in the motor-car industry. The 
net effect has been that we have been able to reduce the percentage 
of locomotives under and awaiting repair from 13-5 in 1925 to 8-6 
in 1928 and release 500 locomotives—an equivalent of £24 million 
of expenditure. 

Then as an instance of improved methods in the carriage and 
wagon shops where the percentage of stock out of use had been 
similarly reduced, we were able to say the element of cost in building 
the carriage susceptible to control had fallen by 30 per cent. in three 
years. I could give other illustrations of the way in which the reduc- 
tion of large masses of material by scientific means to single units 
afforded us information for policy and for management control, 
because by this method it was possible to test the efficiency of 
various locomotive sheds, their repairs and maintenances. Why 
should the locomotive that went to a particular shed involve expense 
half as great as the locomotive that went to another shed? That 
led to investigations as to the methods employed at those sheds. 
Sir William Wood read to the Institute of Transport the full story— 
almost romantic from the point of view of statistical management 
—of that experiment. 

That has been going on for ten or twelve years. It was, as I have 
said, expensive. And here comes the question of ad hoc versus 
continuous. Am I to keep the statistics going? We have actually 
now scrapped a whole lot. Why? Because the lessons have been 
learnt. Some of the main lines of the enquiry need continuing but 
much of the detail is no longer essential. It has taught us all we 
can wish to know for the time being. An ad hoc sample investigation 
will be made at certain intervals of time to see whether the main 
line is running true. That is the kind of constant restlessness 
necessary, and that, I suppose, can be inculcated in the school 
mind. I do not know whether that can be so, or whether it can 
only come as a result of practice in actual life. Of course, sometimes 
it is not possible to find the real unit. The problem of measuring 
costs of haulage per mile or per ton mile has, up to now, proved 
insoluble. All the countries of the world have tried to solve it. 
A common unit of performance and cost has not yet been discovered. 
It is possible to arrive at direct cost of haulage per ton mile, but the 
method of fairly splitting up signalling, station expenses and 101 
other indirect expenses has baffled everybody. Units, some of them 
strange and weird, have been produced only to be found useless. 
Attention was drawn to the efforts of the German railways in regard 
to which it was claimed that it was possible to arrive at a passenger 
kilometre, train kilometre and ton kilometre cost. On investigation 
it was found that the figure was based on so many standard unit 





pay for 
ears we 
re pro- 
n. We 
pair of 
y. The 
centage 
» to 8-6 
million 


ge and 
d been 
uilding 
n three 
reduc. 
e units 
ontrol, 
ney of 

Why 
x pense 

That 
sheds, 
story— 
yement 


I have 
versus 
ctually 
e been 
ng but 
all we 
igation 
e main 
essness 
school 
it can 
etimes 
suring 
proved 
lve it. 
»vered. 
ut the 
id 101 
f them 
iseless. 
regard 
senger 
gation 
d unit 


STATISTICAL METHOD IN BUSINESS 133 


costs that the results were of no use in measuring efficiency or rate- 
fixing to be useful in comparing one year with another. 

As so often happens in statistics, you may have a figure which 
is inexact ; you know it to be so but not the extent to which it is, 
and yet it is possible to use it for time comparisons because you know 
the element of inexactness is not likely to alter much, and if it has 
the same kind of constant error in all the comparisons there is no 
need to worry much. We do not despise a statistical figure merely 
because it is not 100 per cent. accurate. The difference between the 
statistician and the practical man is just that. The statistician may 
not want to venture because he cannot say within 5 per cent., and 
the business man says: “Tell me within any known extent of 
error.” 

Let me conclude on a somewhat lighter note by quoting a poem I 
saw in a publication when I was in America : 


THE UNIT. 

A wild-eyed man with a hunted look, and a brow all seamed with 
care, 

With shambling feet and palsied hands, and a mop of dishevelled 
hair, 

His gaze was fixed on a distant thing, like one who gropes for fate, 

With mind distraught and loaded down with some oppressive 
weight. 


He crooned a song unto himself, like a lonely child at play, 
And his sighs were like the rustling breeze on a gusty Autumn day, 
“ Oh, what is it that ails you?” the passers-by cried, as they saw the 
wreck forlorn, 
“ A unit, a unit, oh, which is the un1T?”’ he muttered from early 
morn. 


“ A ton one mile and an engine mile, and a tractive haul as well, 
A loaded car and an empty car.” Then his eyes began to swell. 

“A commercial mile, a net ton mile and a gross ton mile, oh dear, 
Tons and miles, and trains and cars, it surely is most queer. 


“ If we get 5 cents for hauling a crab from Boston’s quaint old streets, 
To Friscotown, by the Golden Horn, what are the net receipts? 
How much for coal, for tear and wear, for all the trainsmen’s pay ? 
How much dead weight does the engine haul, if the crab dies on 

the way? 


“How many grades to the lineal mile, how many ties in a section? 
The engine’s loss, and the waste of wood? Oh, is there any con- 
nection ? 
Oil, tallow and waste, and water supply, and fuel for locomo’s, 
Repairs and renewals of engines and plant, goodness only knows. 
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“ What is the weight on the driving wheels, what power goes up in 
the stack, 
How much sand is used on the rails when there’s ice upon the track ? 
What pressure is on the air brakes, what resistance in the air? 
Was ever problem so abstruse,—-to make you tear your hair? 


How many tons to a pint of oil, how many ton miles to boot? 
And ton miles to a ton of coal, as the engine goes toot-toot? 
What is the total tractive power? It’s as easy as ABC, 

C square into S into eighty-five P divided by D equals T. 


‘“‘ And then those per cents so bother my head, of actual to the 

potential, 

And all the small items that loom up so big, official and conse- 
quential. 

Can I get me a UNIT that'll stand for all time, a talismanic Lamp of 
Alladin 

(Instead of a maze to the end of my days) my statistical heart to 
gladden?”’ 


And thus he went crooning the live-long day, “A unit, unit I want”’, 

Till his hair grew white and his back grew bent, and his figure 
lean and gaunt, 

He faded away like steam in the air, or a hobo under a train, 

And the Jury’s verdict was: ‘‘ He died of a unit on the brain!” 

(P. S. HannaGan, Chicago.) Lorp Stamp. 


GLEANINGS FAR AND NEAR. 


1258. Claver Morris, M.A., D.Med., Oxon (1659-1727) of Wells, Somerset, 
kept a diary and accounts from which the following are extracted. From time 
to time he bought for himself books on mathematics as follows : 1689, Wilkins’ 
Mathematical Magic; 1694, Gault’s Algebra ; 1701, Sturmer’s Mathematics ; 
1705, Cocker’s Decimal Arithmetic, 3s. 9d.; 1707, Leyborn’s Arithmetical 
Recreations ; Ward’s Young Mathematician’s Guide, 6s. ; Nuton’s (sic) T'rigo- 
nometry, 2nd hand, 5s.; 1708, Leyborn’s Mathematical Institutions, 6s. 6d. ; 
1711, Alkingham’s Geometry, 2s. 10d. ; 1716, Ozanam’s Complete Course of the 
Mathematics in 5 volumes, £1 8s. 

His son, born 1709, went to Wells Grammar School, 1717, and Sherborne, 
1722, and matriculated at Oxford, 1727. The purchase of books of Classics 
for him is recorded, but none on mathematics. 

Other books Dr. Morris bought were Boyle’s Works (abridged) and Cole’s 
Short Hand. 

November 19, 1723. I made an end of calculating the Machine to be fix’d 
to my Calash to count the Revolutions of the wheel and consequently the 
Miles travelled. 

Extracted from The Diary of a West Country Physician, E. Hobhouse, 1934 ; 
Transactions of the Bibliographical Society, 1933 ; Somerset and Dorset Notes 
and Queries, 1937-1938. {Per Mr. A. T. Wicks. ] 
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A CHAPTER ON COMMERCIAL ARITHMETIC. 
By W. J. Doss. 


In these days, when payment for goods received is so commonly 
made in instalments spread over a period, it is not surprising that 
examination questions on Commercial Arithmetic, or on Arithmetic 
with a Commercial bias, not infrequently take the form : 

The purchaser of an article pays a deposit and agrees to spread the 
payment of the balance £B with interest over a period of time t yr. by 
paying n instalments of Lp each at equal intervals of time (t/n) yr., the 
first instalment to be paid (t/n) yr. hence and the last instalment t yr. 
hence. Reckoning simple interest, what rate of interest, expressed as a 
percentage per annum, 1s the vendor charging ? 

It seems to be commonly supposed that this question admits of 
one, and only one, possible answer, which can be obtained by 
equating values at the time of payment of the last instalment 
involving only the solution of a simple equation. It is not the 
simplicity of the solution but the presence of the whole of the 
interest in the last instalment which can justify the equating of 
amounts at the termination of the transaction. Any interest 
included in one or more instalments other than the last one would 
in the process of equating amounts have been allowed to earn 
interest and would thus have ceased to be simple interest. 

Such a question, then, is ambiguous unless it includes some 
further statement which shows how the interest £(np — B) is distri- 
buted among the 7 instalments. Let us consider, for instance, a 
very simple numerical example : 

To-day I borrow from a moneylender £22 at simple interest, and 
agree to repay the loan with interest in two instalments, namely, £15 
six months hence and £15 a year hence. What rate of interest is he 
charging me ? 

The question has been constructed so that a reasonable and 
proper answer is 50 per cent. per annum ; for, at this rate of interest 
I can borrow £12 to-day and repay it with £3 interest six months 
hence, and I can also borrow £10 to-day and repay it with £5 
interest a year hence. This answer can, of course, be obtained by 
equating present values, and in this simple case the working involves 
the solution of a quadratic equation. If we equate values at any 
other time we obtain a different result. 

Now a common commercial practice is to allow simple interest to 
run on until the whole of the interest can, if possible, be included in 
the final payment; and if p>np-B, i.e if (n—1)p <B, but not 
otherwise, this can be done. For instance, if it is stated that the 
second payment of £15 in our numerical example includes the 
whole of the £8 interest, then the successive debit balances are 


j £22 for $ yr., 
(£7 for $ yr. ; 
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and the interest £8 is on £29 for 3 yr., 
i.e. interest is at the rate 4$$° per cent. per annum 
= 55a per cent. per annum. 


The same result can, of course, be obtained by equating amounts 
one year hence, the work involving only the solution of a simple 
equation. 

Now in commercial practice extending over short periods it is 
usual to assume that simple discount may be reckoned at the same 
rate as simple interest. Thus, if simple interest is at the rate r per 
unit per yr., a sum £P may be transferred from time ¢ yr. hence to 
time ¢’ yr. hence by the algebraic addition of £Pr(t’ —t), whether ¢’ 
is greater or less than t. There is some consistency about this. It 
allows the payment of any item of simple interest to be postponed 
without change [or even to be prepaid without change; for to 
borrow money on a promissory note of £100 due one year hence 
allowing simple discount at 5 per cent. per annum may alternately 
be regarded as borrowing £100 at 5 per cent. per annum and pre- 
paying the interest now]. 

A desirable detachment from commercial practice enables us to 
use the above assumption with open eyes in either of two ways for 
working the following question : 

To-day I borrow from a moneylender £22 at simple interest and 
agree to repay the loan with interest in two instalments, namely £12 
together with £3 interest six months hence and £10 together with £5 
interest a year hence. What rate of interest is he charging me ? 

(i) We can divide the second half of the year into two parts in 
the ratio 5:3, so that any interest which the £3 is improperly 
allowed to earn may be balanced by an equal discount from the £5. 
Thus we may, without error, equate values at time }% yr. hence 
and obtain 

22(1 +767) =15(1 + yer) + 15(1 - yor), 


leading to the expected result r=}=50 per cent. 


Or (ii). We can equate values at any time 7’ yr. hence, taking care 
that £12 only of the first instalment and £10 only of the second 
instalment carry interest, and that the two items of interest, 
amounting together to £8, are both transferred without change to 
the time of equating values, and obtain 

22(1 +77’) =12{1 +r(T — $)} +10{1 +7r(T -1)}+8; 
and now we observe that 7' slips out, indicating perfect consistency, 
and again we obtain the expected result 50 per cent. per annum. 

Since the result is independent of 7 it is allowable to equate 


amounts at the time of the last payment, taking care first to transfer 
the £3 interest from the first payment to the last, and obtain at once 


22(1 +r) =12(1+4r)+18, whence r=}. 
[We may even make 7'=0 and equate present values, reckoning 
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simple discount, taking care first to transfer the whole of the £8 
interest to the present time, and obtain at once 


22 =8 + 12(1 —4r)+10(1-7r), whence r=}.] 
Otherwise. The successive debit balances are 


£22 for 4 yr., 
£10 for 4 yr. ; 


and the interest £8 is on £32 for 4 yr. at the rate 50 per cent. per 
annum. 

Returning now to the more general question, it is very easily 
proved that the assumption of commercial practice may be used and 
valuesequated without error provided all itemsof interest are transferred 
without change to the time of equating values, or alternately, provided 
we take care that errors introduced are such as cancel each other. 

By equating values at the time of the last payment (or later) 
simple interest alone is involved—+.e. discount does not enter into 
the equation. It is easy to work any numerical example of this 
type when the distribution of the interest among the instalments is 
given. If (n-—1)p < B it is possible for all payment of interest to be 
included in the last instalment, but not when (n-1)p> B. When 
the whole of the interest is included in the last instalment, (n —1)p 
being < B, before equating amounts it is convenient to collect 
together the first (x — 1) instalments into a single payment £(n —1)p 
at time $¢ yr. hence. This, however, cannot apply to the case in 
which (n —1)p> B, since in that case some interest must be included 
in one or more instalments other than the last one, and in the 
process of equating amounts, such interest would have been allowed 
to earn interest. Of course interest ceases to be simple when it is 
allowed to earn interest. 

If the interest is equally distributed among the instalments, then 
in all cases we may, without varying the instalments, equate values at 
time $(t/n+t) yr. hence, thus ensuring that interest improperly 
earned by some items of interest is balanced by equal discount 
improperly deducted from other items of interest. In this case, 
before equating values at time {(n+1)t/2n} yr. hence, we may 
collect together the n instalments into a single payment £np at 
time {(n +1)t/2n} yr. hence. Thus the interest £(np—B) is on £B 
for {(n +1)t/2n} yr. W.J.D. 








1254. To a mathematician the eleventh means only a single unit: to 
the bushman who cannot count further than his ten fingers it is an incalculable 
myriad.—G. B. Shaw, T'he Revolutionist’s Handbook. [Per Mr. G. P. Rawlings. ] 

1255. We cannot, by any known processes, reduce our qualitative differences 
to quantitative ones. We may accurately estimate the respiratory quotient, 
the carbon dioxide formed in breathing, the heat evolved in muscular action 
for any animal, and express them in mathematical quantities, but who would 
express Gray’s “ Elegy ” in the form of a quadratic equation.—W. O. Green- 
wood, Biology and Christian Belief. [Per Mr. A. F. Mackenzie.] 

K 
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INEQUALITIES CONNECTED WITH A TRIANGLE. 
By J. M. Cum. 


Some time ago a Hungarian post-graduate, Dr. P. Erdés, studying 
under Prof. L. J. Mordell at Manchester University, enunciated an 
interesting theorem connected with a triangle, for which he asked 
that a proof should be given. 

If O is any point within any triangle, and OA,, OB,, OC, are the 
perpendiculars from O to the sides BC, CA, AB, then 


OA +OB+0C > 2(OA, + OB, +0C,), 


the sign of equality occurring only when the triangle is equilateral, 
and O its centre (Fig. 1). 

A proof was at once forthcoming from Prof. Mordell, in the follow- 
ing elegant way. 


OA sin A = B,C, > the projection of B,C, on BC, 
> OB, sin C + OC, sin B ; 

“ee 

b 


hence OA > < OB, + OC,, and SOA >z(- + ) OA, > 250A,. 








Fig. 1. Fie. 2. 


In my efforts to find an alternative proof which did not explicitly 
use either trigonometrical ratios or the idea of projection, I found 
the above property of the Erdés diagram to be only one of several. 
For the proof of the whole set there are three elementary theorems 
required. 

Lemma 1. If circles are described round the triangles BOC, COA, 
AOB, and AO, BO, CO are produced to meet them in P, Q, R, 
respectively, then the triangles PBC, AQC, ABR are similar, the 
angles of the triangles being the supplements of the angles BOC, 
COA, AOB. This is a generalisation of a well-known rider, given in 
reverse form in most texts on elementary geometry, for the case in 
which the triangles described on the sides are equilateral (Fig. 2). 
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If the ratios of the sides of the triangles PBC, AQC, ABR are 

p:q:r, then, by Ptolemy’s Theorem, we have 

p-OP =q.0B+r.0C. 


But if D is the diameter of the circle BOC, then D.OA,=OB.OC: 
also, D is greater than, or equal to, OP. 


A ee Oe 
OA,~ p OC p OB’ 
with two similar expressions ; and it follows that 


Hence 


1 ¢ .#\-1 1 
oq > 2(1+2) 5g 2-2 q- can oe (1) 

If it is objected, in this and the proof by Mordell, that the 
argument that q/r+r/q¢g2 is algebraical, and also that 1/OA is 
objectionable in what is intended to be a purely geometrical proof, 
the objection can be met immediately. 

For, if OAQ, OBR are two straight lines intersecting at O, and 
0Q=q, OR=r, where OA =OB=unit length; and if 6B, Aa are 
parallel to QR, cutting OQ, OR in 6, a respectively, then Ob is 
q/r times the unit length, and Oa is r/q times the unit length. 

Also, Ab is greater than, equal to, or less than aB, according as 
0Q is greater than, less than OR ; and 0b+0Oa >OA+OB in any 
figure in which gq > r, and the same thing follows by interchanging 
Q and R when r>q, while if OQ =QR, then 6b coincides with A 
and a coincides with B. Hence g/r+r/qg>2 as a metrical state- 
ment can be proved geometrically; or more rigorously by using 
ratios. 

Again, if R coincides with B, then Oa is the reciprocal of OQ, 
which is but another way of stating that Oa .OQ=OA .OB. 


V 








Fic. 3. 


Lemma 2. To every general homogeneous relation between the 
rays and the perpendiculars of the Erdés diagram there exists a like 
relation between the reciprocals of the perpendiculars and the 
reciprocals of the rays (Fig. 3). 
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For if the left-hand figure above is inverted with respect to O, and 
a,, b,, ¢, are the inverses of A,, B,, C,, then b,c, is the inverse of the 
circle OB,C,; and, since OA cuts this circle at right angles at A, 
the inverse of A is the foot of the perpendicular from O to 6,¢,. 
Hence, if the radius of the circle of inversion is taken as unity, 
OA =1/Oa, OA, =1/Oa,, and so on; and the theorem follows at 
once. 

Hence, since the result in (1) is a general truth, we have from the 
right-hand figure of Fig. 3, 21/Oa >221/Oa,; hence, 


PE > Spalontipeenmetse (2) 


Note.—It is to be observed that, if 21/O0A,=A.21/OA, and 
21/Oa, =X .21/Oa, it is not generally true that A=’; and thus 
OA .X1/OA is not in general equal to YOA,.21/OA,. This does 
not contradict Lemma 2, for the results above are obtained from 
two different triangles. Also note that, though the triangle a,b,c, 
is similar to A,B,C, in Fig. 4, the two positions of O are anticentric. 


A 








B A, Cc 
Fig. 4. 
Lemma 3. If from the triangle A,B,C, there is formed a triangle 
A,B,C, in the same way as A,B,C, was formed from ABC; and 


from A,B,C, a triangle A,B,C; ; and so on indefinitely : then, for 
all values of m (considering A as Ay), we have 


(i) A,B,C is similar to A,B,C,, where m =n + 3¢t ; 


(ii) the ratio of OA,.OB,.OC, to OA,,.OB,,.OC,, is constant 
when m — n is a constant ; 


(iii) OA, .OAnyy -OAn ys =OBy - OBnyy «OC nya = OC n «OC n 43 » OC aay 











), and 
of the 
at A, 
D> b,c. 
unity, 
ws at 


m the 


Cc 


riangle 
'; and 
en, for 


onstant 


OC ne 








INEQUALITIES IN A TRIANGLE 141 


For (i), the result follows by equality of the angles at the angles at 
the several vertices. Also, it is to be observed that O is similarly 
placed in each of the pairs of similar triangles. 


For (ii), we have OA .OA, =OB, . OC,, and two similar equalities ; 
hence it follows that 


OA.OB.OC _OA,.OB,.0C, 
OA,.OB,.O0C, OA,.OB,.OC, 

similar work with each suffix increased by 1, 2, 3, etc., proves that 
OA,.OB,.O0C, OA;.OB,.O0C, 
OA,.OB,.0C, OA,.OB,.OC, 
OA,,.OB,,.OC,, 
OA,, -OB, .OC», 


where K is constant for the particular triangle ABC, but varies 
with different triangles. 


For (iii), we have OA, .OA,,.=OB,,,.OC,,,, and two similar 
equalities ; and the result follows at once. 


Now if 21/0A,=A.21/OA (where A>2), and if each term is 
multiplied by the appropriate one of the equal products, 


OA.OA,.04,, OB.OB,.OB,, OC.OC,.0C,, 
wehave 0A.OA,, i. SOB,.0C,=\.50A,.OA,. 


Similarly, if 21/OA,;=v.21/OA,, and each term is multiplied by 
OA, .OA,.OA 3, OB,.OB,.OB3;, or OC,.OC,.OC 3, we have 


Z0A,0A,=v.50A,.0A 3, or v.Z0B,.0C,. 
Hence OB,.0C,=\v.50B,.0C,>4Z0B, .OC, ; 


and though the coefficient in the equality will vary for different 
suffixes, the inequality is general for all suffixes, and 





= K, say ; 


K= 





= etc. ; 





therefore =K"-", 


PE A PEA. cet ssecccesseceesecees (3) 
Again, employing Lemma 2 above, it follows that 
BUGOB, OC») > 4EWIOD OO). <..050200065000003 (4) 


Lastly, it follows from Lemma 3 above that 


K-04 8 oe (24); 
~ 0A, OB, OC, \OA,/ ’ 


hence 
K-24 _OB _OC _ 20A _ZOA _20A, _Z0A, 
OA, OB, OC, XOA, XOA, ZOA, ZOA,’ 
from which it follows that K > 8, and therefore 


OA .OB.OC > 80A, . OB, O04. sesceesseeeseeee (5) 
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Note. It is readily seen that there is no general inequality of 
the same nature as above between YOA? and 2OA,?, by erecting 
isosceles triangles on a given base BC, and taking O very near the 
vertex A of each ; it will be seen that the sign of the inequality 
changes as the base angles pass through 45°. 


Several important inequalities in trigonometry can be immediately 
deduced by applying the above results to particular positions of 0 
within the triangle. 

Thus, if O is at the incentre, we have 

2 cosec $A >6, X sin }A <3/2, 2 cosec 4B cosec 4C > 12, 
+ sin $B sin $C < 3/4, sin $A sin }B sin $C < 1/8; 
and 4A, 4B, 4C can be replaced by any three angles whose sum is 90°. 
Similarly, if O is at the circumcentre, we have 
+ cos A < 3/2, 2 sec A >6, 2X cos B cos C < 3/4, 
2 sec B sec C > 12, cos A cos B cos C < 1/8, 
and A, B, C can be replaced by any three angles whose sum is 180°. 

It is to be noted that the last set can be deduced from the first 

set by replacing each angle by the complement of double the angle. 


Further interesting inequalities can be proved by the use of the 
fact that (p+q+r)* >27pqr; and this result can also be proved 
geometrically as a metrical property of volumes. 
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For a standard proposition in the equivalent of the second book 
of Euclid shows that (a +6)? 4ab; and it follows that the volume 
of a block, of which the sides are b+c, c+a, a+b, is greater than, 
or equal to, eight times that of a block whose sides are a, b, c. 


Further, the block whose base is bc + ca + ab, and height a +6 +c, 
is equal to a block on the same base of height a +c, together with a 
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slab of thickness 6 ; and this slab can be broken up into three parts, 
two of which will give a block of height a+c, on a base 6?, which 
will complete the block of height a+c on a base (b+c)(a+6); and 
the third part is a block whose sides are a, b, c (Fig. 5). 

That is, the volume of a block of height a+b+c, on a base 
bc + ca +ab, is greater than, or equal to, nine times the volume of a 
block whose sides are a, ), c. 

Again, the square whose side is a+6+c is greater than, or equal 
to, three times the sum of the rectangles whose areas are bc, ca, ab, 
as is clear from Fig. 6, the shaded rectangles having areas equal to 
(a—c)(b-—c) and (a—6)?; the figure is therefore the geometrical 
equivalent of the algebraical identity 


(a+b+c)? =(a —b)? + (a—c)(b-—c) +3(be +ca+ab). 


Hence the volume of the cube whose side is a+b+c is greater 
than or equal to 3 times the volume of a block of height a+ b+, on 
a base bc +ca+ab; and therefore is greater than, or equal to, 27 
times the volume of the block whose sides are a, b, c. 


Now, with the usual notation for lengths in connection with a 
triangle, we have 


8 =(s —a) +(s —b) +(s—c) >3. 3/(A*s); 
hence, 
8>3/3.A, 8>3/3.r, and A >3/38.9%. ......00. (6) 


Again, 
4R+r=ry+re+1%s > 32/(ryrers), or 32/ (rs?) ; 
and, since from (6) we have s? > 27r?, it follows that R >2r._ ...(7) 
Further, since a? + 6? > 2abd, it follows that 2 (a? + 6? +c?) is greater 
than, or equal to, 2(be +ca+ab), and therefore 
3 (a? +b? +¢%) > (a+b+c)?; 


hence, from (6), 
BB 4c Se 40/8 BD TOP. 2... .crccsecceeronveses (8) 


Now it is well known that the sum of OA, OB, OC in any given 
triangle has its minimum value when the angles BOC, COA, AOB, 
are all 120°; and then we have, for this position of O, 


220A? + ZOB . OC = a? +b? + c* > 36r?, by (8), 
and ZOB .OC =4A/,/3 > 12r, by (6) ; 
hence, (SOA)? & 36r?, and LOA SGr.  .....eeserereeeee (9) 











1256. Getting back to our visitor and his initiation into American football, 
he discovers that the game is played upon a rectangular field 360 ft. in length 
and 160 ft. in width. The ball is a convex spheroid.—Sunday Times, American 
article, December 11, 1938. [Per Mr. R. Sibson.] 
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ALGEBRA IN THE HIGHER SCHOOL CERTIFICATE.* 
By W. L. FERRAR. 


I FEEL somewhat diffident in addressing you on this subject, 
because I am only too conscious of the fact that my qualifications 
for doing so are but slight. Most of my audience will have had 
some experience of teaching algebra to the higher forms in schools ; 
some will have had considerable experience. I have had none. 
My only knowledge of the subject on which I address you has 
been gained as an examiner and, a little, as a university don 
teaching undergraduates who come from your schools. I am 
as ready as the next man to admit that the examiner does not see 
everything ; to admit, too, that he does not even see all that he 
thinks he sees. But when all has been said against the examiner— 
and more than a little has been said of late—the examiner does see 
something. And so, with these admittedly slight qualifications, I 
venture to put before you some few points about algebra. 

First, in order that my later criticisms may appear in their right 
perspective, let me say at once that, as far as my own experience 
goes, the mathematical work in the Higher School Certificate is 
good, sometimes amazingly good. With that said, I shall not speak 
further of what I think to be good in our algebra teaching, but only 
of what I think is taught less well than it might be taught. 

I shall speak to three main headings: ‘‘ Limits and convergence ”’, 
“ Proof in algebra ”’ and the “ Syllabus ”’. 


Limits AND CONVERGENCE. 


I find the place accorded in algebra to “limits and convergence ” 
to be far too prominent ; and the timing of the introduction of the 
more abstract notions of convergence I find to be premature. The 
convergence of sequences and series is a subject whose difficulties 
are, in my opinion, wholly unsuited to the minds of young people of 
sixteen or seventeen. I have no experience of teaching such minds, 
but I have a long experience of examining them and a lively recol- 
lection of my own early uncertainties as an undergraduate. 

I am not suggesting that the word convergence be banished from 
the vocabulary of the school algebra course: but I am suggesting 
that a lengthy consideration of the convergence of series ought not 
to be attempted until the last year at school, or even later. 

One of the joys of the mathematician, and especially of the young 
mathematician, is the exercise of precise thinking on topics that are 
hard enough to keep the mind on the stretch, but are not so difficult 
that the mind is defeated. When we insist on abstract questions 
of convergence before the mind is sufficiently ripe to appreciate 
them the young mind is befogged. It is fatally easy, in the cause 
of truth and with the highest motives, to rob our pupils of the joy 


oan paper to the Annual Meeting of the Mathematical Association, 3rd January, 
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of working precisely on something clearly understood and to offer 
them instead the discomfort of grappling with difficulties that are 
but dimly apprehended. 

Let us ask ourselves in what sense we need limits and convergence 
in an algebra course. (I am not here concerned with the label you 
attach to this particular work; whether you call it algebra or 
analysis makes no difference to the point at issue.) I think a fair 
answer would be “ We need limits for (1+2)™, log(l+2), and 
e*. Perhaps also for other special series whose ‘sum to infinity ’ 
can be readily calculated’’. But none of these, even at the distinction 
level of Higher Certificate work, calls for consideration of general 
sequences (a,,) or series 2w,,. 

Such general sequences and series raise the abstract problem, 
“ Under what circumstances does a particular type of sequence con- 
verge? ”’, whereas the binomial, exponential, and logarithmic series 
face us with concrete problems, perfectly capable of solution without 
appeal to general theories. Everyone will be familiar with a proof 
of the theorem 


log (1 +2) =2 — 4a? +423... (-lL<a<1l) 


that makes no appeal to general theory. I refer to the proof that 
integrates 

aes 2 n-1 

Tz =1+t++... +t 
and uses inequalities between integrals to deal with the integral of 
t"/(1—t). This proof has been widely known for at least thirty years 
and very few modern texts use any other. There are similar proofs, 
also now in print, which establish the binomial and exponential 
series by the use of inequalities between integrals. None of these 
require any more about limits than is contained in the notion of a 
sequence that tends to zero and of the definition of a sum of an 
infinite series as the limit of the sum of its first n terms. None of 
these proofs deals with general series or with theories about un- 
defined monotonic sequences ; they deal with quite definite concrete 
problems. 

In the differential calculus the procedure of considering numerous 
particular examples first and general theories ‘second is so well 
established that no one questions it. We teach the idea of a limit 
and the particular facts 


S @) = 22, S (ain x) =cos 2, 
to very young pupils. Only when their minds are thoroughly ac- 
customed to a multitude of particular cases do we call upon them 
to consider problems about “functions that have a differential 
coefficient ’’ ; and even then it is only the very best pupils who have 
the least appreciation of a purely arithmetical approach. Yet, in 
dealing with sequences and series, we nod condescendingly to one 
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or two sequences that obviously tend to zero and then plunge right 
away into monotonic sequences and series of positive terms. I am 
certain that half the minds which have been jumped through that 
series of hoops have no idea of what it was all about. 

It is not for nothing that teachers and examiners bemoan the 
fact that pupils rush on every occasion to use u,/u,,,. Why do our 
pupils do this? I am convinced that it is because u,/u,,, is the 
first thing in the maze of uncertainty and hesitation that they 
understand at all. If we will insist on putting the abstract difficulties 
of convergence too soon, and before the mind is sufficiently mature 
to comprehend them, then we must be prepared for the muddle 
and uncertainty that results. 

It is easy to see why “ limits and convergence ”’ came to be placed 
so early in the algebra scheme. In the days of its introduction to 
our school algebra courses, the definition of convergence was wrong, 
but it was easy to understand. The schoolboy of that day saw 
nothing wrong with it ; neither did his master: nor for that matter 
did any but the few research mathematicians whose interests were 
inclined that way. For the schoolboy of forty to fifty years ago 
U,+U,g+ ... was convergent if the sum of its first n terms stayed 
finite and did not shoot off to infinity. That concept was easy and, 
quite fittingly, it appeared reasonably early in the algebra books. 
But what we have done is to replace the old, easy, wrong definition 
by a new, difficult, right definition and still to insist on its old early 
place in the scheme of things. And the failure of set after set of 
young pupils, during the last twenty or thirty years, to get more than 
muddle and nervousness out of the new definition has not showed 
us our mistake : we have merely blamed the pupils. 

When the ground has been prepared by particular examples ; 
when the mind is ripe to receive abstract ideas; when, for the 
average young specialist, the last year at school has arrived : then 
is plenty time enough to begin on general sequences (a,,) and series 
Zu,. As an examiner I have always taken a definite view on this 
point. I ask freely, from a finite series lead, for proofs of such things 
as 





—z)?=)]+2+... 49°74... .(-l<o2<)) 
or 2 {n(n+1)}7=1, 


but I never ask schoolboys questions about sequences (a,) or series 
Xu,, unless the syllabus and established custom of the examination 
compel me to do so. 


PrRooFr In ALGEBRA. 


In geometry the young mathematician learns to state his hypo- 
theses, to say clearly what he has to prove, and to think out the 
steps whereby he may arrive at his proof. Algebra too is an excel- 
lent ground for the practice of precise reasoning from hypothesis 
to conclusion. But this side of algebra seems to have been much 
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neglected and, in some measure, it is easy to see how this has come 
about. The early stages of algebra are dominated by the logic of 
each particular step ; why you may add 8 to each side of an equation ; 
why and how you remove or put in a pair of brackets. I have taught 
that sort of algebra and I know that the logic of each step is quite 
enough for any teacher to cope with in those early stages. 

When, however, the early stages are past and the mathematical 
sixth is reached, there seems to be little reason for the apparent 
neglect of logical form in algebraic work. As an examiner I have 
often been dismayed by its complete absence. A candidate often 
appears to be able to do the manipulations that connect A and B, 
but whether he is assuming A and proving B or doing the converse 
is a matter for the examiner to elucidate from his own inner con- 
sciousness ; the candidate gives him no help. In geometry, the 
distinction between theorem and converse is an elementary point 
that is grasped by all save the stupid ; in algebra, one can search 
script after script for the distinction between the two; one is 
pleased to find the odd candidate, or set of candidates, whose work 
insists on the distinction. I do not say that all candidates are 
badly taught on this matter, but I do say that there is a 
considerable falling away from the high standard of our geometrical 
teaching. 

I have often thought that it would be an excellent thing if our 
algebra books were set out as a series of theorems and exercises 
thereon ; the numbering of theorems and the consequent task of 
seeing to it that we did not use Theorem 29 to prove Theorem 26 
would, I am certain, lead to a greater clarity. 

Another detail that seems to call for remark is the proof by induc- 
tion. The exercise of setting down an induction proof in convincing 
form is one that calls for a firm grasp of the underlying principle. 
It is such an important method of proof that it is worth a little more 
attention than it gets. The all too common statement that induction 
can prove only stated theorems seems to me a travesty of the truth. 
The method is, in its origin, one that guessed the answer first and 
proved it afterwards, and I think something could be made of this 
in teaching. Without wishing to stress this side of the matter, I 
should like to stress the importance of clarity in writing out a proof 
by induction. It is only too frequently that I am presented with 
proofs by induction that would convince nobody, least of all the 
presenter. 

To round off this rather disjointed series of remarks about proof 
in algebra, may I give a concrete example by discussing, quite 
briefly, elementary difference equations. I shall treat the matter 
only in outline and not as I should set it out for a book or a note- 
taking lecture. Whether or not difference equations, divorced as 
they sometimes are from their context of generating functions and 
recurring series, ought to form part of the school syllabus, I do not 
wish to prejudge. But if they are to be taught, then the form of 
their solution ought to be dealt with in a logical manner. At present, 
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however one sets the question, the candidate will always begin 
“ Put «, =Az*’”’. 
Consider first, with k a given number, other than zero, 


Uns — kUy. (1) 
There are two propositions, each of them all but self-evident. 


Prop. I. If uw, = Ak", where A is independent of n, then u,,, — ku, =0 
for every positive integer n. 

Prop. II. If u,,,—ku,=0 for every positive integer n, then wu, 
must be of the form Ak", where A is independent of n. 


Prop. I is true because Ak"+!-k. Ak" =0; 
Prop. II is true because u, =ku,_, =k*u,_.= ... =k"-'u, and so 
u,=Ak" where A =u,/k. 


Next consider the three-term relation 
Unszg — (K+) Uns, +hlu,=0 (k,1+0). 
We may write this in either of the forms, 
(Unso — kUngs) —U(Uny — kUy) =, 
(Unge — Wny1) — k(Unyy — We) =0. 
When /+k, it follows, from Prop. II, that 
Uns — ku, must be of the form Al’, 
Uny, —lu, must be of the form Bk", 


and hence, by eliminating w,,,, it follows that wu, must be of the 
form A,/"+B,k", where the capital letters denote numbers in- 
dependent of n and expressible in terms of 1, k, u,, and up. 

When [=k we have only the one fact, u,,,-—ku, must be of the 
form Ak". On writing u,=v,k", this becomes v,,,-—v0,=A/k, 
whence it follows that v,—v,=(n-1)A/k, i.e. v, is of the form 
A,+B,n. Hence u, must be of the form k"(A,+B,n) ; moreover, 
A,, B, can be expressed in terms of k, u,, and up. 


THE SYLLABUS. 


In raising this question before the Association I wish to recall the 
preliminary appeals by Mr. Parsons and Mr. Langford at the Notting- 
ham meeting of the British Association. My appeal is supplementary 
to theirs and it is made to the officials of our own Association. It is 
to ask them to publish the findings of a committee on the two queries 

1. What subjects are suitable? 
2. What subjects are not suitable? 


—and of the two I stress the latter as the more important—for the 
higher divisions of school algebra. I do not ask for a cut-and-dried 
syllabus, in which each separate item is meticulously laid down : 
such I hate. I do not ask for an examination syllabus. I ask 
for a syllabus of work suitable for schools. 















Nn Uy, 
of n. 


nd so 


of the 


rs in- 


of the 
= Alk, 
. form 
eover, 


all the 
»tting- 
ontary 
. Itis 
jueries 


for the 
i-dried 
down : 

I ask 











ALGEBRA IN THE HIGHER CERTIFICATE 149 


I should hope that the textbook of the future and the examiner 
of the future would be guided by such a syllabus, though not neces- 
sarily agreeing with it at all points. 

The present-day insistence on the examination I find to be most 
disquieting. At the School Certificate stage I can see the causes 
of this insistence : mostly, they are outside the scope of the exam- 
ination itself and are concerned with the certificate as a passport 
to remunerative employment. But there is no such outside influence 
to overstress the importance of the examination beyond the School 
Certificate stage. If we allow the Higher Certificate to become a 
serious menace to the freedom of teaching, then it is our own fault. 

We pay far too much attention to the examination and, as an 
Association, I think we should express our views on the teaching of 
mathematics and on what parts of the subject should be taught in 
schools. The examination is not likely to ignore topics that are 
given prominence in our teaching, nor to insist on topics that cannot 
be studied in modern textbooks. As one who has always tried to 
examine so that there shall be a minimum of interference with the 
teachers’ methods and no insistence on set routines, I find the view 
that the teacher must always follow the examiner very exasperating. 

However, I will not detain you longer. Let me say merely that 
I want a schedule of study suitable for the top forms of schools. 
In algebra there is so much that once was studied at school and is 
studied there no longer ; so much that used not to be studied at 
school and now claims to be a part of every young mathematician’s 
equipment. It is time that the situation was reviewed and an expert 
opaien _immvuseade W. L. F. 


1257. Engineers, some whens. are Fellows of the Royal Society, are » ole 
outspoken in their condemnation of all theory, all computations more complex 
than that of the housekeeper ; and they themselves are unable to distinguish 
between work and power, coulombs and ampéres. I do not now speak merely 
of the older men.—John Perry, British Association Report, 1901; discussion 
on the teaching of mathematics. [Per Mr. R. O. Street.] 


1258. But the inertia which must be overcome was enormous. (Cheers.) 
It was the inertia of the flywheel not of a pile of bricks, an inertia that could 
be converted into momentum.—Sir John Anderson, as reported in the Daily 
Telegraph, November 4th, 1938. [Per Mr. T. E. Easterfield.] 


1259. On Gleaning 1146 (Gazette, X XI, p. 258). 

The question “If a Cardinal...” is from The Gentleman and Lady’s 
Palladium for 1750, where it is Qn. 11 on p. 22. In the following year, the 
answer is given on p. 21: 1 hr. 47 min. 23333; sec. ‘‘ Several of our Contri- 
butors solutions agree with the above”. The 333; is not a misprint. The 
question is meant to be offensive. It is given as “ By his Holiness the Pope”’, 
and the next question, “‘ By his Satanic Majesty ”, begins “ It being agreed 
that the French King, Pope and Pretender are to share 100,000 acres in the 
Infernal Regions...”. [Per Professor E. H. Neville.] 

1260. Let us turn our backs on the metric system which means nothing to | 


most Englishmen, destroys our interest in races and can never be accurate. ° 
The Observer, ‘‘ The Olympic Games ’’, May 29, 1938. [Per Mr. H. Berry.] 
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A DIAGRAM FOR THE STUDY AND SOLUTION 
OF TRIANGLES. 


By C. O. Tucktry. 


THE diagram which it is the purpose of these notes to explain is so 
simple in idea that it is surprising that it is not well known. Its 
idea is merely that the shape of a triangle depends only on two data 
and can therefore be represented in various ways by the coordinates 
of a point. To do this, suppose the scale of any triangle reduced so 
that its largest side is unity and let the other sides be x and y in 
descending order; then the point whose coordinates are x and y 
will represent the triangle. Moreover x and y are limited by the 
inequalities 1 >2z,x>y, x+y >1, so the point representing any 
triangle lies in the quarter of the unit square shown in the diagram. 
Of this the boundary line x=1 corresponds to isosceles triangles 
whose greater sides are equal, the line x=y to isosceles triangles 
whose smaller sides are equal, and the third line x + y = 1 to nugatory 
triangles with two angles equal to zero. The circle 2? + y* =1 corre- 
sponds to right-angled triangles, and triangles are obtuse-angled 
or acute-angled according as their representative points lie inside or 
outside this circle. 

For a triangle whose smallest angle is Y the representative point 
(x, y) lies on the curve given by the cosine formula 


cos Y =(1 +2? —y?)/2z, 

or y®? —x* +2zcosY =1, 

y? _(«-cosY)? _ 1 
sin? Y "els 
This is a rectangular hyperbola whose vertex is the point 

(cos Y, sin Y), 

that is to say, the point on the circle x? + y* = 1 whose vectorial angle 
is Y, the tangent at the vertex being parallel to the axis of x. The 
curve would, if produced beyond the limits of the diagram, pass 
through the point (0, 1). Again, if X is the middle angle in size, the 
point (x, y) lies on 


or 





x? -—y? +2y cos X =1, 


which is again a rectangular hyperbola whose vertex is on the circle 
at the point whose vectorial angle is X, the tangent at the vertex 
being parallel to the axis of y. 

The curve passes through the point (1, 0) for all values of X, the 
point this time being on the diagram and not outside it. 

Other points on the diagram can then be calculated without much 
difficulty, the easiest being (i) points on x=1 given by sin $Y =}y, 
(ii) points on =y given by sec X =2x%=secY. For rough drawing, 
these two points and the vertex for the Y-curves, or the second point, 
the point (1, 0) and the vertex for the X-curves will make it possible 
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to get an idea of the general run of the curves if they are drawn 
for every 5° with linear unit 5”. Such a rough diagram will give 
about two-figure accuracy for the sides of a triangle whose angles 
are assigned. For more accurate drawing, one can calculate where 
the Y-curves meet x = -6, -7, -8, -9 by using y2=1+2?-2z2cosY. For 
example, for x =-9, y2=1-81 —1-8 cosY ; similarly for the X-curves 
by finding the values of x where the curves meet y =-1, -2, -3, ..., °9. 
If the diagram is drawn with a 20” unit and for every degree, it 
easily gives three-figure accuracy except for a small part of the 
diagram near x+y=1 and near the point (1, 0), corresponding to 
triangles with one very small angle or two small angles. 

Solution of triangles. 

For solution of triangles, it may be well to take the cases in 
order. 

For A.S.A., the third angle is found and the point of intersection 
of the curves representing X, Y, the two smaller angles, taken ; 
x, y being read off, the ratio of the sides is known and a propor- 
tionate reduction—for which a slide-rule is indicated—will give the 
actual lengths. 

For 8.8.8., the reduction of the sides must first be made so that 
the largest is unity. If x, y are the others, the point (x, y) represents 
the triangle and the angles can be read off. 

For 8.A.S. there are two cases. 

(i) If one of the given sides is the largest in the triangle it is 
reduced to unity and we have either X and y or Y and z given, so 
that the representative point is found and the remaining values 
read off. 

(ii) If the unknown side is the largest, the matter is less satis- 
factory. The available procedure is this: find m, the ratio of the 
smaller to the larger of the two given sides ; follow the line y=mz, 
facilitated by scales which can be added to the diagram, until the 
point is reached at which X + Y is the supplement of the given angle. 
This is the representative point for the triangle. 

For A.S.S., the obtuse-angled solution means that one given side 
is necessarily the largest in the triangle ; this solution can be read 
off at once and the angles for the other solution deduced. If, how- 
ever, the solution is not ambiguous and the unknown side is the 
largest, we have y=mz and either X or Y from which to determine 
the representative point. It will thus be seen that solution of 
triangles is possible in all cases and immediate except where the 
largest side is unknown. To check a solution otherwise obtained is 
of course easy. 


The largest angle. 


The curves corresponding to constant values of the largest angle Z 
are given by 


cos Z=(z2+y?-1)/2ay or 2?-2rycosZ+y*?=1. 
These are ellipses with centres at the origin and passing through the 
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points (0, 1) and (1,0). They can be seen in the diagram passing 
through the points of intersection of the X- and Y-curves. They are 
omitted to avoid further crowding of the figure. 


The area curves. 


The area of the triangle can also be shown on the diagram and 
read off as a decimal of the square on the largest side. The altitude 
to the largest (or unit) side being x sinY, the area is 4x sinY and 
the points where the area curves cut the Y-curves are readily 
marked from the formula x=24 cosecY. 

Various cases of the solution of the triangle with the area as one 
of two data are immediate. 

The limitations of the diagram owing to the crowding together of 
the curves may conveniently be summed up by saying that the 
diagram is less satisfactory if 4 << -1, or in other words, if the altitude 
to the largest side is less than one-fifth of that side. 


Other uses of the diagram. 


Like any other new method of studying a subject, the diagram 
not only answers the usual type of question, but it suggests and 
supplies the answers to questions for whose study it is especially 
suited. In this case these questions concern the range of variation 
of one element of a triangle when other elements are given. A few 
examples are appended. 


(a) The least angle of a triangle is 35° ; between what limits will 
the ratio of its least to its greatest side lie? 

(b) The least side of a triangle is -7 of its largest side. Show that 
its least angle is between 40° and 45°, and find the range of its 
greatest angle. 

(c) If the area of a triangle is one-tenth of the square on its 
greatest side, show that its least angle is not greater than 26°. 

(2) The smaller sides of a triangle are as 1: 2. Show that the least 
angle cannot be greater than 28° nor the ratio of the area to that of 
the square on the largest side greater than -24. 

(e) The largest side of a triangle is 10”. It has an angle of 55°. 
Show that its area lies between 36 and 41-5 square inches. 

(f) If the least angle of a triangle is 45°, the altitude to the 
largest side is at least half of it and cannot be more than -7 of it. 

Such examples can be multiplied indefinitely. Each of them is 
no doubt quite easy to deal with by the usual methods ; the point 
is that the diagram supplies the answers (here taken very roughly 
from a rough diagram) at sight. 

Solution of the triangle from miscellaneous data can also be dealt 
with at sight in many cases ; for example : 

(a) The two largest sides of a triangle are as 7:10. Solve the 
triangle if 

(i) the least angle is 30° ; 
(ii) the middle angle is 35° ; 

(iii) the area is one-tenth the square on the largest side. 

L 
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(6) One angle of a triangle is 60° and one side one-third of another. 
Give the two solutions. 


Use in mechanics. 

There is a variant of the diagram in which the sides of the triangle 
are x, 1, y in descending order, that is, the medium side is the unit. 
In this, l<x<2, y<1, x-y<1. Thus the diagram occupies half 
a unit square instead of a quarter of one, being bounded by the lines 
x=1, y=l,andz-y=1. This form of the diagram has an advantage 
in mechanics as it enables the resultant of two forces, say P and 
‘78 P, at an angle of 42° to be read off directly. 

But the intersections of the curves for X and Y seem on the 
whole to be more oblique, and for a given scale the diagram takes 
up twice as much space as that for 1,2, y. Also for questions on 
the triangle of forces the original diagram is preferable. 


Alternative applications of the coordinate idea. 

It is easy to use the idea that the shape of a triangle depends on 
two elements to draw other diagrams from which triangles can be 
solved. 


(i) Taking the circum-radius R as unity, the second side is less 
than 2 and the smallest side less than ./3. If x and y are taken as 
these sides, constant values of X and Y correspond to constant 
values of x and y, but the scales are of course different. 


(ii) Taking the largest side as unity, x as another side and y as 
the area, a set of lines through the origin and a set of hyperbolas 
(not rectangular) are obtained. Each triangle is represented by 
two points, as either of the two smaller sides may be taken as z. 

Again, it should be possible to study the cyclic-circumscribable 
quadrilateral in this way, or the cyclic quadrilateral with diagonals 
at right angles. 

Finally, it may be mentioned that the diagram given seems to 
suggest that the chance of a triangle drawn “at random ” being 
obtuse-angled is (47 — })/}, or approximately -57, this being the ratio 
of the areas inside and outside the unit circle. The 2, 1, y diagram, 
however, gives a different and somewhat larger answer. A discus- 
sion of the meaning, if any, of these results is postponed. 


It is hoped that in the near future a complete large-scale diagram 
will be available for purchase by those interested. C.0.T. 





1261. In my opinion the most absurd of all sciences and that most likely 
to strangle every kind of genius is geometry. The subject of that ridiculous 
science is surfaces, lines and points which do not exist in nature. They 
imagine a hundred thousand curves between a circle and a straight line | 
touching it, although in reality a straw could not pass. Positively, geometry is 
nothing but a foolish jest.—Voltaire, Jeannot and Colin, translated by Richard 
Aldington. [Per Mr. E. P. Lewis.] 
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A GEOMETRICAL PROBLEM. 


By R. C. Lyngss. 


To find the ratio which gives the greatest chance that through a 
point, chosen at random within a triangle, six lines may be drawn 
to divide the triangle in that ratio. 

This problem occurred to me in connection with an attempt to 
generalise Mr. Travers’s construction “‘ to bisect a triangle by a 
straight line passing through a given point outside the triangle ”’, 
which appeared in the Mathematical Gazette of March, 1925, and 
was referred to in Mr. Boon’s interesting note in the issue of July, 
1935. 

The generalised construction is as follows. “To divide a triangle 
in a given ratio by a straight line passing through a given point.” 








Fie. 1. 


Let ABC be the given triangle, Z the given point and k: 1-k 
the given ratio (0 < k < }), so that the triangular area cut off from 
the given triangle is either k or (1 —k) times the area of the given 
triangle. 

On BF the isogonal* of BZ with regard to BA and BC cut off BD 
so that BD.BZ=kBA.BC. Let the parallel to BC through Z 
cut BD in E£, the circle through Z, FZ and D cut BA at H, and ZH 
cut BC in Q. Then provided ZQH cuts both the sides BA and BC 
of the triangle internally, it is a required line, for the triangles BDH, 
BQZ are similar and BA.BQ=BD.BZ=kBA.BC. The con- 
struction must be performed with regard to each vertex in turn 
and also with the number | —k substituted for k. There are appar- 


* The internal bisector of 2 ZBD is the same line as the internal bisector of 
LABC. 
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ently twelve possible lines, for there are two positions of H for each 
construction and six constructions, two per vertex. It will be found, 
though, that at least half the constructions fail to give valid lines, 
either because the circle does not cut the side in real points, or 
because the line does not cut both sides internally. The line ZH,, 
for example, in Fig. 1 is invalid for this last reason. 

If the given point is at infinity, the problem becomes “to divide 
a triangle in a given ratio by a straight line in a given direction ”’. 


A 





B P v x Cc 
Fie. 2. 


P, X, Y are points on BC such that P divides BC internally in the 
ratiok:1-k or 1-k:k, AX is in the given direction, and 


BY*=BP. BX. 


Then the line through Y in the given direction is a line required, 
provided it cuts both BA and BC internally. 

If we investigate how many lines it is possible to draw through a 
given point to satisfy the conditions, we shall find that the answer 
depends not only upon the position of the point, but upon the value 
of k. In Fig. 3, ABC is the given triangle and AP,, AP,, ... CR, are 
the straight lines through the vertices satisfying the conditions. 
Since the envelope of a variable line which forms with two fixed 
lines a triangle of constant area is a hyperbola whose asymptotes 
are the fixed lines and which is touched at the mid-point of the 
variable side, we can sketch the six hyperbolic arcs, one of which. . 
every straight line dividing the triangle in the given ratio must 
touch. In Fig. 3, k =}, and for this value we see that from any point 
in the central region (light-hatched) no line can be drawn; from 
any point in the three shaded regions four lines can be drawn ; and 
from any other point two lines can be drawn. 

Although Mr. Travers’s construction is quick when only one point 
is concerned, the direct method of drawing a tangent from a point 
to a hyperbola, whose focus, directrix and eccentricity are given, is 
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more convenient when tangents from several points are required. 
With the possibility of interesting those whose acquaintance with 
geometrical conics is fashionably slight, this construction follows : 








Fig. 4. 















Suppose we wish to draw the tangents from Z to the hyperbola 
whose asymptotes are BA and BC and a tangent to which is AP,. 
Mark lengths BT',, BT’, off BA and BC such that 


BT? =BA . BP,{ =(1-k) BA. BC}. 


Then 7,7, is the tangent at the vertex of the hyperbola and the 
vertex V is where 7',7’, cuts the bisector of BAC. With BT’, as radius, 
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describe an arc to cut BV produced in S the focus, and with BV as 
radius, describe an arc to cut BA and BC in U, and U,. Then U,U, 
is the directrix. Draw through Z a line parallel to BA to cut the 
directrix in W. Then the circle whose centre is Z and radius ZW 
is the eccentric circle of Z. Let the tangents from S to this circle 
cut the directrix in X and Y. Then ZX and ZY are the required 
tangents to the hyperbola. 

When &=0, from any point within the triangle no lines can be 
drawn, and from any point outside it two lines can be drawn (i.e. 
through two vertices). When k lies between 0 and ¢ we have a 
situation as in Fig. 3. When k=#¢ the three inner hyperbolae 
concur at the centroid of the triangle, and there is no longer a 
region from which no lines can be drawn. As k increases from ¢ 
there appears a region, darkly shaded in Fig. 5, from which six lines 


A 











Fic. 5. 


may be drawn. From any point in this triangular * region two 
tangents can be drawn to each of the three inner hyperbolae, and 
the triangular region increases in area as k increases from ¢ to }. 
But these tangents are invalid unless they cut each of the asymptote 


*T use “ triangular ” for want of a better word. 
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BV as sides internally. For this to be so the point must lie within the 
U.U hexagon formed by the lines AP,, AP,,...CR,. This hexagon 
t the decreases in area as k increases from ¢ to 3. Fig. 6 shows the six- 
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Fie. 6. 





line region when k is nearly 4. The six-line region is greatest when 
it is shaped rather like a breastplate as in Fig. 7—an area common 
to the growing triangle and diminishing hexagon. When k reaches 
the value -464101615 (t.e. 2,/3-—3) the area ceases to be purely 
triangular, and when k reaches the value -47457244 (i.e. a root of 
x° —8x? + 122 -4=0) it becomes purely hexagonal. Between these 
values the six-line region acquires its maximum area. 
Cc The analysis is simplified by taking an equilateral triangle, for 
the same result will hold for any triangle by orthogonal projection. 
I find that the required value of k must satisfy 


1+k) db 
on two : _, 2a 2 = 
a feinb-" 7) +2 at (3Va*+ Hk +] - (a +1)] +40(5*7) Et 0a ): =0, 
£ to }. 
9 
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Fria. 7. 


and is approximately -47001467. Perhaps someone would like to 
verify this ! R. C. Lyness. 





1262. The smaller the ‘ reference-body ’ or ‘ reference-system ’, the smaller 
the world. Space is proportionate to the size of the reference-body, and all 
measurements of space are proportionate to the measurements of the reference- 
body. And yet it is the same space. Let us take an electron on the sun in 
relation to visible space and to the earth. For the electron the whole of 
visible space will be (of course only approximately) a sphere one kilometre in 
diameter ; the distance from the sun to the earth will be a few centimetres, 
and the earth itself will be almost a material point! A ray of light from the 
sun reaches the earth (for the electron) instantaneously. This explains why we 
can never intercept a ray of light half-way. 

If instead of an electron we take the earth, then for the earth distances will 
necessarily be much longer than they are for us. They will be longer by 
exactly as many times as the earth is bigger than the human body. This is 
necessarily so if only because otherwise the earth could not feel itself the three- 
dimensional body we know it to be, but would be for itself some incompre- 
hensible six-dimensional continuum. But such a self-feeling would contra- 
dict the rightly understood principle of the unity of laws. The reason is that 
if the earth could be for itself a six-dimensional continuum, then we also 
should have to be for ourselves six-dimensional continua. And since we are 
for ourselves three-dimensional bodies, the earth also must be for itself a three- 
dimensional body ; although at the same time it is not possible to assert with 
certainty that the earth’s conception of itself must necessarily coincide with 
our conception of it.—P. D. Ouspensky, A New Model of the Universe, p. 444. 
[Per Mr. E. Barton.] 
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“ MATCH-STICK ” GEOMETRY. 
By T. R. Dawson. 


TuE following paper arose out of an attempt to improve upon the 
familiar “‘ match puzzles ”’ one sees in the popular press and which 
are generally too puerile to be interesting. Following some desultory 
experiments, it developed that the methods of construction postu- 
lated are capable of determining all points obtainable with ruler and 
compass, but no others. The sequence of results below is arranged 
to establish this conclusion. 

The geometer is supposed provided with an unlimited supply of 
“match sticks ”’, that is, finite straight lines, all of one length, L. 
He constructs figures with these lines according to the following 
postulates : 

1. A line may be laid to pass through a given point, or with one 

extremity at a given point. 

2. A line may be laid to pass through two given points, or with one 
extremity at one given point and passing through a second 
given point—but the two given points may not be such as 
lie in a given or laid line. Note—-The express barring of 
line “ overlapping ”’ is adopted to improve the elegance of the 
constructions. 

3. A line may be laid with one extremity at a given point and its 
other extremity on a given line. 

4. Two lines may be laid simultaneously to form the sides of an 
isosceles triangle, two of their extremities coinciding and the 
other two being at given points. 

It will be realised that these postulates do not confer any right to 
assume directions of laying. A line may not be produced simply by 
laying another line “ end on” to it, nor may a line be put down to 
“ point at ’’ some remote point. 

Before proceeding to the fundamental constructions which show 
that the above postulates are equivalent to or co-extensive with 
ruler-compass postulates, a short series of lemmas will be useful. 
The recording of these is neatly simplified by lettering the points of 
the figure in the order in which they are obtained. That is, each 
figure commences with a point A, points A and B, or a line AB, 
and points C, D, F,... are found in succession. Occasionally two 
or more points may be determined simultaneously in one operation, 
but there is never any ambiguity, so that the steps in the construc- 
tion need not be expressly stated. 

The proofs are in general of such an elementary character that 
they are omitted, or indicated only by a brief note. 


Lemma l. To produce a given line. 

Repetition of the “ half-hexagon”’ method will extend AB by 
successive units L to any desired extent (Fig. 1). 

This construction is of considerable importance also in giving a 
particular parallel, CD, to AB. By extending the construction, 





162 





THE MATHEMATICAL GAZETTE 


successive parallels may be obtained, transferring the direction AB 
in successive steps, L ../3/2, perpendicular to AB. 


Cc D 








B 
Fie. 1. 


Lemma II. To bisect a given length less than L. 

Corollary 1. This construction bisects also the angles ACB and 
DCE, that is, it applies to bisect any angle not greater than 120° 
and not exactly equal to 60°. 








aN G B 


Corollary 2._ The construction supplies a means of dropping a 
perpendicular from a given point C to a given line AB, by laying 
CA and CB as the first step. If the distance between C and AB is 
not less than L, parallels may be laid (by I) to AB, and the perpen- 
dicular eventually drawn to one of these. This applies to any case 
where CG is not an integral multiple of L . /3/2. 

Lemma III. To bisect a given length L. (Fig. 3.) 

C is any arbitrary point in AB. The procedure is to form a 
bisected segment, FKH, by Lemma II, and use the pencil L(A MB) 
to transfer it to AB. 


The preceding construction uses only 11 lines, the minimum, but 
it involves AB as a given line. The mid-point between given 
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points, A, B, may be found with 13 lines without laying AB, as in 
the attached figure (4). Here AG and BF are equal and parallel, 




















F H 
Fia. 4. 


so that the joins of any suitable pairs of the heavy points will inter- 
sect at the mid-point of AB. 


Corollary 1. Either of these constructions will apply, as in 
Lemma IT, to bisect an angle of 60°. 


Corollary 2. Either of these constructions will apply, as in 
Lemma II, to drop a perpendicular on a given line, where the per- 
pendicular is an integral multiple of L ../3/2 in length. They will 
serve, also, to erect a perpendicular at a given point in a line, by 
first laying a parallel (by I) to the given line and dropping the 
perpendicular on that. 
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Lemma IV. To lay a parallel to a given line through a given point, 

Given AB, and C. 

Parallels are laid to AB, approaching C (by Lemma I), ultimately 
allowing CD, CE to be laid. EC is produced to F (by I) and angle 
DCF is bisected (by II or III). 


| E 
B 
A “D Cc 
ey 
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Fia. 5. 














It may be noted that this construction provides an alternative 
method of laying a perpendicular to a given line and passing through 
a given point. It is easy to erect a random perpendicular, corre- 
sponding to AB, by using Lemma II, and a parallel can then be 
laid to this. 


Lemma V. T7'o bisect a given length greater than L. 








Fia. 6. 
Given points A, B. 
Any line AC is laid, and BD is laid parallel to AC by Lemma IV. 
Similar figures are constructed on AC and BD, by Lemma I, 








point, 


nately 
angle 


m\/ 


native 
rough 

corre- 
1en be 


na IV. 








““ MATCH-STICK ” GEOMETRY 165 


ultimately producing Y, Z, to be bisected by II or III, the mid- 
point of YZ coinciding with that of AB. 

This procedure will bisect an angle BAC greater than 120°, but 
naturally the simplest method in this case is to complete the rhombus 
BACD with D lying on the required bisector. It may be noted here 
that all the angle bisections given pre-suppose that points are known 
along the arms distant Z from the vertex. In the absence of such 
points, they must first be determined by laying appropriate parallels. 
Alternatively, an angle of this type may be bisected by laying an 
auxiliary angle at any appropriate point with its arms parallel or 
perpendicular to the given arms, bisecting this, and laying a parallel 
to the bisector through the original vertex. 

In comparing the match-stick postulates with ruler-compass 
postulates, it will be observed first that any of the line-laying 
operations is readily carried out as a ruler-compass operation. The 
new postulates do not, therefore, provide any new points in a ruler- 
compass figure. 

Conversely, to determine all ruler-compass points, it is necessary 
to solve the following fundamental problems : 

1. To lay a straight line between two given (distant) points. 

2. To find the intersections of the join of two given points with a 
circle (undrawn), defined by its centre and any one point on 
its circumference. 

3. To find the intersections of two circles (undrawn), each defined 
by its centre and any one point on its circumference. 


The solutions of these problems, given below, provide a theoretical 
match-stick construction for finding any ruler-compass point. 


PROBLEM 1. 1'0 lay a straight line between two given (distant) points. 

Given points, A, B, their mid-point C is found by Lemma V. 
Then the mid-point of, say, AC is found similarly, and the process 
is repeated until one of the sequence of bisecting points arrives at 
or within a distance Z of A. The line is then laid by Lemma I. 


A few remarks may be added here on the puristic detail—when 
given two points, A, B, of relating one to the other. Ifthe geometer 
is supposed to be at A trying to find B, frankly there is no solution 
of his difficulty, short of balancing on one foot on the needle-point 
A and scouring the illimitable plane in the infinitesimal chance of 
seeing B—only to lose sight of it instantaneously. But if the geo- 
meter is supposed to be at both A and B, independently as it were, 
he can relate them to one another by constructing a random unit 
hexagon, centre A, producing its radial lines ad libitum, and laying 
any straight line through B to intersect two of these radii. This 
will inform him within which “ angle ’’ of his hexagon B lies, and so 
he can give precision in Lemma IV to the art of “ approaching C ”’. 
In discussing this question with Mr. N. M. Gibbins, I pointed out 
that the poor geometer might still have to produce one end of his 
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line through B to infinity, if he were very unlucky in his choice of 
direction, and that we might leave it as a matter of common sense 
that A could be related to B. His reply was: ‘‘ There is no ‘ com- 
mon sense ’ in mathematics.” 

The construction shown in Lemma V really involves a similar 
element of “common sense” in finding suitable similar figures 
which will bring the points, Y, Z, within a distance LZ. The note 
above, however, indicates that formality could be given to the 
solution if it were necessary. 

PROBLEM 2. To find the intersections of the join of two given points 
with a circle (undrawn) defined by its centre and any one point on its 
circumference. 
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Given A, B, and circle defined by centre C, point D. 

Join AB as in Prob. 1. Lay perpendicular CZ, and produce to 
F, where CF =CD (by bisecting angle DCF and dropping perp. 
from D on the bisector). Lay any line FGH and cut off FG=L 
(that is, FG is the first unit “line ’’ laid along FH). 

Join CG, and lay EH parallel to CG, cutting FG produced at H. 
Lay HK parallel to EF, and cut off HK equal to HG (by way of 
the bisector of angle GHK). Lay KL parallel to HH. Lay a unit 
line LM to AB, and finally lay CN parallel to LM, meeting AB at 
one of the required points, N. O is found from L similarly. 

The method, in short, is to use a unit circle L(M), so situated 
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that the given line AB passes through the external centre of simili- 
tude of circles L(M) and C(D). This requires a fourth proportional, 
HG, to CE and the two radii, and the operation with HK is simply 
to transfer this proportional to EL. 

ProsLEeM 3. To find the intersections of two circles (undrawn), 
each defined by its centre and any one point on its circumference. 














Fia. 8. 


Given circles defined by centre A and point B, centre C and 
point D. 

Analysis. Let M be the point where the radical axis cuts AC, 
let ML = MC, and let the radii of the circles be a and c. Then 


AM? - CM? =a? - c?, 
or (AM —-CM)(AM +CM) =(a-c)(a+c), 
that is, AC/|(a+c) =(a-c)/AL. 


Three of these terms are obtainable, and the construction carries 
out the proportion as follows. 

Join AC, AB. Lay CE parallel to AB and make CE =CD (by bisect- 
ing angle DCE and dropping a perpendicular from D on the bisector). 
Join CB and lay EF parallel to CB, meeting AB produced at F. 
Then AF =(a+c). Lay BG parallel to AC and cut off BG=BF. 
Cut off AH=AB. Then parallels GH, BJ give AJ =(a-c). 
Parallels CF, JK give AK the required fourth proportional, which 
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is transferred to AC as AL (by way of the bisector of angle BAH 
already laid in obtaining H). M, the mid-point of LC, gives the 
radical axis through M, and the construction is completed as in 
Problem 2. 

It is thus established that the ‘“ match-stick ”’ postulates will 
determine all points obtainable with ruler and compass, and no 
others. 

Further interest in this particular geometry will rest in the 
solution of “special” problems using a minimum number of 
“matches”. To construct a square of unit side, for example, by 
the formal methods of the lemmas, requires 17 lines. Attached is 
a “special”? construction using only 16 lines. AF is any line 
within the angle BAC. 


a 

















Fia. 9. 


The reader may like to try a pretty little exercise sent to me by 
Mr. N. M. Gibbins.—Using 10 lines, find the mid-point between A 
and B, distant 1 apart, where L<1< L,/3. It is an elegant special 
case of Lemma V. T. R. D. 





1263. It may well be, however, that in future ages the view that space is 
finite will become a firmly held dogma, an assumption as universal as the 
truth of the Copernican view of planetary motions. Men will then regard 
Euclidean geometry as a convenient approximation to the truth, reprehensible 
mainly because it tolerates the absurd idea that space can possibly be infinite.— 
E. W. Barnes, Scientific Theory and Religion. 
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THE SECOND REPORT ON THE TEACHING 
OF GEOMETRY * 


Mr. A. W. Siddons (Harrow): As they say at company meetings, 
I hope that we may take this Report as read, and very good reading 
it is. I may say at once that I am not here to criticise the Report if 
by “ criticise’’ we mean “ criticise adversely’. There are two points 
about which I wrote to the July Gazette. 

The first refers to the twelfth appendix, “‘ Geometry in Scotland ”’, 
which says that for those taking mathematics at the higher standard 
in the Scottish Leaving Certificate it is necessary to prove Euclid 
VI, 1 (a line parallel to the base of a triangle divides the sides pro- 
portionally) as in Euclid, 7.e. using the elegant but difficult definition 
of proportion. I have read the Scottish Leaving Certificate regula- 
tions very carefully and I think the Report is wrong; the regulation 
is a little obscure, but, as I read it, it says that the proof of that 
theorem will not be required, 7.e. it may be assumed as an axiom. 
I hope that this will be corrected when the Report is reprinted. 

The other point that I made in my letter to the Gazette was that 
the headings of the pages might have been made very much more 
helpful to anyone consulting the Report. The heading on the left- 
hand page is invariably “The Teaching of Geometry in Schools”. 
The same heading appears on the right-hand page in the Report 
itself, and in the appendix the heading is “Appendix”. When once 
I have picked up the Report I do not need to be reminded more 
than 100 times that it is a report on Geometry. For one who wishes 
to look up a particular point the headings might have been a great 
help; this struck me very forcibly on first reading the Report, and 
when I sat down to consider what I should say to-day it struck me 
even more forcibly. I suggest that when the Report is reprinted 
the heading on the left-hand page should in each case be the title 
of the section, and that on the right-hand page a sub-title. Perhaps 
the addition of an alphabetical index would add to the value of the 
Report. 

So much for my criticism of the Report. Now for some other 
points. 

First, I should like to refer to the use of single letters for denoting 
angles. There is an excellent appendix about that. One great point 
in favour of the single letter is that its use is not so tiring to the 
attention of the pupil and also of the teacher. From time to time 
for the last twenty years I have been pointing out how tiring 
“letter-chasing ” is both to boy and master: by “ letter-chasing ”’ 
I mean following an argument in a figure, on the board or in a book, 
especially when each angle is denoted by three letters. Now that 
this Report has been issued I hope that we shall all feel that even 
in examinations an angle may be denoted by a single letter, as 


* A discussion at the Annual Meeting of the Mathematical Association, 3rd 
January, 1939. 
M 
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recommended in the Report. This will be a great saving of time 
to the candidates and to the examiners. 

Some years ago I was discussing this with a very able.and experi- 
enced schoolmaster—one remark of his let me quote: “‘ But please 
do not use Greek letters ”’. 

About a year ago I urged the use of single letters at a meeting 
of the London Branch. After a meeting of that Branch in Novem- 
ber last a lady came up to me and said: “I must thank you for 
what you said about a year ago about using single letters for 
angles; my children love it and it has helped them and helped 
me. I had no idea what a saving of time it would make in marking 
work ’’. 

One criticism was made at the London Branch meeting to which 
I have referred, and that is the difficulty children have with suffixes. 
I may say that that difficulty has entirely disappeared in my own 
teaching. First of all, it is important for the teacher to make up his 
own mind what he means by 2a. Is a a measure of the angle or 
merely the name of the angle? If a, b, c are the angles of a triangle, 
may we write a+b+c=180°? Many teachers are indefinite about 
this and even use a in both the senses which I have indicated. I 
have made up my mind quite clearly about this ; whenever I use a 
for the measure of an angle I always speak of a degrees and write 
it a°, but in general I use a merely as the name of an angle and I 
always write it La, and not merely a. Also I write 22a simply 
to mean an angle twice as big as 2a. Now let us consider the suffix 
difficulty. Perhaps in a figure we have several equal angles all 
marked a. First of all I mark them in different colours and speak of 
the red a and the blue a, etc. Then I say, instead of bothering with 
different colours, let us number the a’s and call them aj, a, etc. I 
have at times put the numbers inside the a’s, but soon I have 
dropped into the suffix notation, just pointing out that we must not 
write a, a?, etc., as that notation is earmarked for something else. 
Leading up to it in that way, I have found no difficulty with the 
suffix notation. I would avoid using a, a, to denote two different 
angles ; if any of the a’s in a figure has a suffix, they should all have 
suffixes, and then 2a can be used to refer to any angle that is labelled 
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a. Thus in Fig. 1 the angle sum of a quadrilateral is four right 


angles ; “. 22a4+22b=4rt. cs; 
La+2b=2rt. 2s; 
4a,+2b,=2rt. 2s; .. RSis||to W7; 
4a,+26,=2rt. 28: .. WRis||to TS. 


That appendix on the use of single letters is worthy of very careful 
study ; there are many valuable suggestions in it. But I should 
like to rewrite it : 

(i) using a, 6, c instead of a, B, y; 

(ii) I would always write 2a instead of merely a; 

(iii) I would avoid a and a, for two different angles in favour of 

» Ap. 

? One other point. I am very glad to see the Report mention the 
SSS, SAS, etc. method of referring to the congruence theorems. 
This form of reference, invented by Mr. E. A. Price when a master at 
Osborne, I have used for twenty-five years or more in my own 
teaching and most useful I have found it; but I always used to 
warn my pupils that it was not generally recognised and could not 
be used in examinations. Now I hope that the Report has given it 
such wide publicity that in future we may say that it is recognised 
by all teachers and examiners. I wish that the Report had distin- 
guished between the ASA and AAS cases of congruence ; perhaps 
my prejudice about this is due to the fact that I was brought up on 
Euclid. 

I should like to draw attention to some admirable sections on 
solid geometry. It is absurd that a three-dimensional boy should 
be reduced by his geometry teaching to think only in Flatland ; the 
earlier he is taught to draw three-dimensional figures and to study 





them, the easier he finds it. As the Report points out, the M.A.’s 
advocacy of solid geometry has at least led to the introduction of 
three-dimensional problems into trigonometry papers. This Report 
gives some help in the good cause. Section 7, p. 85, gives a collection 
of riders on solid geometry the solutions of which demand applica- 
tions of the ordinary theorems of plane geometry. The suggestions 
earlier in the Report for Stage A work in solid are good, and there are 
three most interesting appendices on solid geometry. 

I suppose we are all agreed that a child’s first introduction to 
geometry should be through solid models, but I find a lot of teachers 
cut that because their pupils are not examined on it. During the 
past term I have had the opportunity of teaching a class of beginners 
in a preparatory school and I found they were full of interest for the 
solid work that I did with them. 

One more point. The Report recommends that similarity should 
not be left to the end of the School Certificate course ; it should come 
into Stage A, and an intuitional treatment of the cases of similar 
triangles can quite well be done directly after the cases of congruence, 
though personally I should postpone that but deal with the more 


Eweerpr on mr 










172 THE MATHEMATICAL GAZETTE 





general aspect of similarity and only take the AAA case of similar 
triangles. 

I cannot say that I find anything in the Report that is really new 
to me, but it seems to collect together most of the good ideas that 
one has accumulated in the course of one’s teaching and put them 
together in an attractive way that must be helpful to every teacher. 
I particularly commend the Report to young teachers; to them it 
will be helpful in itself; and to those who are compelled by senior 
colleagues to follow old-fashioned lines it may provide powder and 
shot to persuade the powers-that-be to let them introduce more 
modern methods. 

I should like to congratulate all concerned with the drafting of 
this Report. They have done a valuable piece of work for the 
Improvement of Geometrical Teaching, which was the original aim 
of this Association, as its old name showed. 

Miss M. A. Hooke: The committee responsible for this Report is 
much to be congratulated. It has a freshness in treatment and is 
alive, full of interest and stimulating. It is so good that all I feel 
able to do is to call attention to points of special interest. There is 
little to criticise or debate. 

The Report has appeared at an interesting moment. In Saturday’s 
papers appeared an outline of the Consultative Committee’s Report 
for reforming Secondary Education, and in this came the recom- 
mendation that school mathematics should be taught as one of 
the main lines which the creative spirit of man has followed in its 
development. There is also the suggestion that the content of school 
mathematics should be reduced. If this is to be so for the average 
pupil, I feel all the more convinced from reading this Report that 
the reduction should take place in arithmetic and algebra rather than 
in geometry. I was delighted to see the paragraph referring to the 
teaching of geometry in Senior elementary schools, for a course on 
the right lines would surely be of more educative value than much 
advanced arithmetic. And if as suggested the course be built round 
considerations of position, shape, size, locus, and based on surveying, 
machine drawing, pattern drawing, the work should be the opening 
of a window of the mind. 

If I may say so, without misunderstanding, I liked the end of the 
Report best, namely Appendix 14, on the relative importance of 
propositions and riders. I rejoiced to see the old tradition of the 
outstanding importance of propositions challenged, for I am con- 
vinced by experience that the accurate knowledge of the fact 
obtained by much rider work is the important matter, the repro- 
duction of the proof of small importance for the average pupil. The 
way to develop reasoning power and keen interest is by many 
exercises in reasoning and calculation and drawing, without bother- 
ing as to whether the proof of the facts used can be correctly repro- 
duced. And until some facility in rider work has been obtained I 
would add the recommendation of partnership in class work, for this 
leads to lively argument and more rapid growth of reasoning power. 
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It does not make for a peaceful form room but for sharpened wits! 
In the end this will make for greater success in outside examinations, 
I believe ; pupils trained in this way will at Stage C memorise their 
propositions more rapidly and their power of attack for riders will 
be much increased. 

For those not offering mathematics as an examination subject, 
what does it matter whether they remember proofs? If we have 
given them a general and sound knowledge of geometrical facts 
with interesting applications we have done something that is really 
educational. 

The Report very wisely ends with a recommendation as to the type 
of geometry paper desirable in examinations—a larger proportion 
of really easy exercises, more questions testing knowledge of the 
content of the bookwork as distinct from knowledge of the proofs. 
The Northern Universities Joint Matriculation Board give a good 
lead here, and I wonder whether it would be possible for the Mathe- 
matical Association to approach those examining bodies where the 
type of geometry paper set is not on such good lines. 

The Report, I am glad to see, lays much stress on solid geometry, 
and I am personally much indebted to the committee for a good 
“shake up ” on this matter. From remarks I have heard made by 
members of committees revising 8.C. papers as to the difficulty 
candidates find over solid questions in trigonometry, I deduce that 
this part of the Report should be taken to heart by a number of 
teachers. 

The excellent selection of riders in solid geometry based on 
theorems of plane geometry, given in Chapter VII, is very valuable 
and suggestive. 

There is always the risk of ruts in our teaching and I felt that the 
committee had in the most successful way given us a fresh outlook 
on loci and constructions—new lamps for old! It was a happy idea 
to point out that the two standard theorems of loci, which have 
tended to assume undue significance, are only poor examples of a 
most useful idea and that locus questions can be associated with most 
groups of theorems, instead of loci being regarded as a group of 
theorems. We are also warned to be on our guard lest our pupils 
form the idea that all loci are straight lines or circles. 

The section on constructions in Chapter VI was stimulating, and 
the following are among the interesting points : 


(1) The ornamental constructions as compared with those made 
with the set square. 


(2) The erection of a perpendicular as the special case of the 
bisection of an angle. 


(3) The study of a figure from considerations of its construc- 
tion. 


(4) Constructions for elegant pattern drawing such as occur in 
architecture. 


(5) The value of accurate drawing. 
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The section on converses merits special attention and will, I 
believe, illuminate the subject to many and lead to better teaching. 
Examples of theorems with two and three converses are given and 
the value of informal discussion on converses with rider work to 
follow, before proofs are considered, is stressed. 

It would be interesting to hear from anyone present of successful 
correlation between geometry and geography. In my own school 
the geography teachers alone appear to deal with the mathematical 
side of their subject, and I think we are missing chances in the 
geometry classes of interesting applications and a good overlap. 

The division of Stage C work into two sections Ca and Cb marks 
a good improvement on the Report of 1923, and the scheme for a 
review of grouping of theorems in Stage Ca is excellent. This 
Second Report is a very valuable contribution to the teaching of 
mathematics, and I think both tried and untried teachers have cause 
to thank the committee for their work. 

Mr. H. Beardwood (Wakefield) : May I, also, add a word or two 
of general praise for the Report before I refer to the topics which I 
have specially selected to talk about this morning. I am sure that we 
all agree that the present Report is one of the finest ever produced 
by the Mathematical Association, carefully thought out and very 
well presented by a group of people who obviously know how 
geometry should be taught. I only hope that every teacher of 
geometry will read it carefully and then, if some conscious effort on 
his or her part is made to put the ideas suggested into practice, 
I am convinced that there will be an immediate and vast improve- 
ment in geometrical teaching generally. 

I have two main grounds for criticism of the Report. The first and 
probably the biggest mistake of the whole Report is its complete 
failure to make any reference to the correlation between trigono- 
metry and geometry and to discuss the points in geometry where a 
knowledge of the elementary facts of trigonometry would be very 
useful. I know, of course, that there are many schools in which 
trigonometry is introduced at a relatively late stage in the school 
curriculum, but, nevertheless, trigonometry can so permeate almost 
throughout the teaching of geometry that I cannot understand why 
the committee failed to refer to it. Naturally, I cannot hope to 
develop this point to any great extent in the time I have at my 
disposal but I feel sure that the knowledge of the facts concerning 
the 30°, 60°, 90° triangle should be as clear in a pupil’s mind as the 
facts concerning an isosceles triangle. He should know, for instance, 
both for the purpose of calculation and for the proof of many riders, 

that in this particular triangle the hypotenuse is twice the length of 
the side opposite the smallest angle. In the publishers’ exhibition, 
I saw the proofs of a new textbook on geometry. In this book, I 
was very pleased to see that there was a section of the book devoted 
to a treatment of trigonometrical ratios, and the author stated in 
the preface that one of the features of the book was the expression 
of geometrical fact in trigonometrical form when the alternative is 
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instructive. I feel that there is a need for the introduction of more 
trigonometry into our teaching of geometry. Again, if solid geometry 
is to be introduced into our teaching, surely here is another place 
where the teaching can only be really satisfactory if trigonometry 
is made full use of. The Report, I agree, has given us many examples, 
undoubtedly good and delightful examples of simple riders in solid 
geometry, but there are many more examples of a more practical 
nature which can only be done with some knowledge of elementary 
trigonometry. The most elementary steps in plane geometry involve 
the calculation of angles. I feel sure that one of the first stages in 
solid geometry should involve the calculation of angles, because very 
few children really grasp the relations between the sides and angles 
of such figures until they have actually had some practice in calcu- 
lating such angles. Many of you, no doubt, could suggest other 
places where trigonometry could be successfully introduced, but I 
might point out in this connection that the committee is consider- 
ing a report on the teaching of trigonometry, and hence it may 
be that this correlation between the two subjects has been deliber- 
ately omitted with a view to introduction in the proposed report. If 
so, I do hope that this permeation of the two will be fully stressed 
and that examples of where the two subjects overlap and combine 
will be given. 

My second ground for complaint lies in the fact that I was antici- 
pating a section of the Report to be devoted to the presentation of 
geometry to the very weak “‘C” pupils. As one who is responsible 
for the teaching of geometry in a public secondary school situated in 
an industrial area where, as in most of these schools, many pupils 
of low intelligence quotient are in attendance, I was very dis- 
appointed to find that, apart from a suggestion or two that certain 
sections such as the extensions of Pythagoras’ theorem should be 
omitted, very little reference was made to the actual presentation 
of the subject to, shall we say, the almost complete duffer. I am 
prepared to admit in this matter that freshness of outlook is probably 
quite as important as the learning of a few “tricks of the trade ’”’ 
from a report, but this same criticism can be applied to almost the 
whole of geometrical teaching, probably to an even greater extent 
in the case of the more able pupils. In the Report I would have 
welcomed some suggestions on the following points for instance : 
the difficulties experienced by the weaker pupil and how they 
might be overcome ; to what extent should he be drilled and so made 
to dislike geometry more than ever in all probability, and to what 
extent should his course be a practical one; ought he to drop 
geometry completely, or ought he to have a special course of sim- 
plicity and truthfulness; and if he has to take geometry at all, 
how should it be presented to him. We have realised, very slowly, 
that Euclid was written for men of mature age, men who had a keen 
desire for abstract thought, and consequently, if we are to teach 
geometry to boys whose minds are in the early stages of develop- 
ment, we must break away from Euclid. So ought we to realise 
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that we must break still further away in teaching boys who have no 
option but to sit and listen to us and who are finding geometrical 
deduction and systematisation extremely difficult if not completely 
beyond them. I was very disappointed to find that the Report made 
very little reference to their particular case. 

My remaining points are of a very minor nature. Of these, 
probably the most important is to stress the need for more experi- 
mental work and initiative in teaching geometry. An excellent 
address was given,in 1932, to the Sydney Branch of the Mathematical 
Association by Mr. P. N. Andersen in which he made many sugges- 
tions of an investigative nature. In this he pleaded for more 
original investigation on the part of the pupil, that he should dis- 
cover results for himself rather than follow the mental process lead- 
ing to a result previously discovered by someone else. I suggest that, 
in the last few years of the School Certificate course, more riders be 
given in the form suggested by Mr. Andersen. Take a geometrical 
rider from a textbook or a matriculation paper and deliberately omit 
the property asked for but give to the pupil all the data from the 
question with instructions that he should ascertain all the properties 
possible from it. The very same question can quite often be given 
to pupils at different stages of geometry and the results are quite 
interesting. You will find that the best pupils will succeed in 
obtaining an extraordinary number of correct results, including the 
required one, whereas the weaker pupils will obtain some facts which 
are not without significance. As a change from the ordinary rider, 
I find this method well worth while. It stimulates interest, it 
provides excellent exercise, and the pupils very soon get into the 
habit of applying all the known facts for a given figure with ease 
and with a greater degree of success than before. I think that some 
suggestions on these lines would have been very helpful in the 
Report. 

I welcome the very interesting section on “ Contacts with Geo- 
graphy ’’, provided, of course, that the Report does not suggest that 
this should come within the actual teaching scheme of the mathe- 
matics master. I feel that we ought not to take over what must 
inevitably be regarded as another master’s subject, but, provided 
such examples as are given are only considered as illustrations of the 
use of mathematics, then I think that the suggestions will be very 
helpful. I would have welcomed, also, similar articles devoted to 
contacts with other subjects. 

In conclusion, may I associate myself with the comments of 
Mr. Siddons on the use of small letters for angles. Almost all 
teachers use this method for the purpose of blackboard demonstra- 
tion and I see no reason why the system should not be extended to 
the actual process of written proof. 

Mr. Kenworthy-Browne (Wellbury, Hitchin) felt sure all would 
agree that the reading of the Report was a matter of sheer joy from 
beginning to end. He had a suggestion to make which concerned 
the difficulty probably all teachers had experienced in the transition 
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from Stage A to Stage B, when the psychology of the beginner was 
something that mattered so much. 

On bookstalls to-day one saw books in the form of omnibus 
volumes—the omnibus Sherlock Holmes, for instance. While the 
omnibus volume was excellent for older boys, yet if he were intro- 
ducing Sherlock Holmes to boys of ten or eleven years of age he 
would not regard the omnibus volume as a good book to put into 
their hands. It would be similar to giving them too big a helping 
of plum-pudding. The Report had everything “‘ grouped ”’ just as 
had the omnibus volume, so it must not be regarded as a textbook 
for beginners, a thing it was never meant to be. The circles, the 
parallelograms, the congruents and so on were all grouped. That 
was of course admirable as enabling a teacher to know what he was 
after and get things systematised in his mind, and for the older boy 
it was good also. But “ grouping ” wanted careful handling with 
beginners. 

For instance, the beginner was apt to get muddled when given the 
congruents grouped all together. His interest in them not being 
yet sufficiently aroused to see their real significance, he did not yet 
know what great use they would be to him in later life. In fact 
before the lesson was over, he had begun to regard it as rather a 
dull job, and a mere strain on the memory. The beginner was, after 
all, only at the commencement of his theoretical stage, Stage B, 
and to give a lesson on all the congruent triangles together and then 
check up the four sets of conditions for making triangles congruent 
was very rarely a successful procedure. It would be some terms 
before the boy had got them out. The speaker found it better to 
give one stage at a time: first to construct a triangle given the 
lengths of the three sides, then give umpteen riders which brought 
in those conditions only, and then sandwich on that other practical 
work. Some weeks later the second congruence group could be 
started, two sides and the included angle, with care in choosing 
exercises on that, and not to give the boy a mixture. Later one 
could take the two angles and one side, and finally wind up with the 
lot, and then group them. This was really a criticism of some 
existing textbooks rather than a criticism of the Report, and most 
textbooks were not nearly careful enough in the important work of 
selecting these particular riders at this early and critical stage. 

That this criticism appeared to be justified was evident from the 
difficulty experienced by such a large number of teachers at this 
stage, and from the positively chaotic state of mind on this subject 
of some of the less able boys entering their Public Schools to-day. 
He thought that writing out the few short and easy proofs of the 
early constructions, such as the bisecting of an angle, was an 
excellent way for a beginner to learn what a proof was meant to 
be, and had the advantage of being combined with practical work. 

Again, he did not like “the parallelogram group”. The early 
theorems on the parallelogram : “‘ Prove that the opposite sides are 
equal’’, and “‘if they are equal, prove it is a parallelogram”, and the 
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third one: “‘straight lines which join the extremities of two equal and 
parallel straight lines are themselves equal and parallel ’’—all had the 
same figure, therefore he preferred them not to be grouped for the 
first reading. The beginner got easily muddled and did not know 
whether he was proving a parallelogram or whether he was proving 
that the opposite sides were equal, or the third one which was a 
mixture of both. A well-written book would, he thought, have those 
parallelogram theorems separated from one another on better 
psychological principles. Now as each of these three parallelogram 
theorems are proved by different sets of congruent triangles, it would 
be an easy matter to separate them and bring them into line with 
the first suggestion made above. 

The “Circle Group”’, on the other hand, had everything in its 
favour. 

He had not seen it mentioned in the Report, but there were two 
theorems in the elementary stage, firstly in which one joined the 
middle points of the sides of the triangle and proved the line to be 
parallel to the base and half of the base, and secondly in which one 
drew a line parallel to the base through the mid-point of one side 
and proved it bisected the third side. Both those theorems could be 
proved on the one figure where the line was produced out on the 
right-hand side, as in most books, but only one of them could be 
proved on the other figure, which some books gave, where a line 
was drawn inside the triangle, and for the life of him he could not 
remember—and he knew the boys could not—which figure belonged 
to which. If they could both be proved on one figure, why not 
scrap the other figure altogether? It would save the time of in- 
variably starting on the wrong one and having to begin again. 

Mr. S. Inman (Isleworth County School), while agreeing that the 
Report was the best Report the Association had brought out, was quite 
convinced that there was, and would be in the future, in spite of the 
excellence of the Report, a great difference between the recommend- 
ations in it and the teaching carried out in the schools, for various 
reasons which probably most of those present were aware of. Sir 
Henry Saville, Warden of Merton College in 1570, in a final address 
to his students had said: “ By the grace of God I have redeemed 
my pledge, I have performed my promise, I have explained accord- 
ing to my ability the definitions, postulates, axioms and the first 
eight propositions of Euclid. Here, sinking under the weight of 


years, I lay down my Art and my instruments.”’ While there had § 


been advances since those words were spoken, if one compared the 
extent of the work in geometry in this and other countries, one found 
that in England it was really very narrow. It was only necessary to 
instance the fact that it was only two or three years since similarity 
had been introduced into the syllabus of the London University’s 
School Leaving Certificate. And the teaching of solid geometry was 
really quite negligible compared with what was done in other coun- 
tries. Why was that? Miss Hooke had incidentally touched upon 
one of the chief reasons. Most schools spent the last year out of the 
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four- or five-year course almost entirely in learning up theorems. 
That was really a gross waste of time. And of course a good deal 
of the time during the other years was also spent on the same work. 
The best thing that could happen to the teaching of geometry would 
be for questions on theorems to be eliminated from examination 
papers for the next ten years. That would result in a great deal of 
good to the teaching of the subject. 

Finally, Mr. Inman urged a return to the policy of the Association 
at the time when it was founded, when it had an active committee 
of action which hammered at the doors of the Universities. The 
difference now was that the Universities were really very amenable 
to suggestions, but in his opinion the voice that should be speaking 
was rather silent. He urged that a committee be formed which 
might be called the Universities Relations Committee by which 
some action should be taken to make the opinions of teachers of 
mathematics known. If that were done there would be, he thought, 
no difficulty in altering the present state of affairs. If in order, he 
proposed that the Association set up such a committee. 

(There was subsequent discussion between Mr. Inman and mem- 
bers of the Teaching Committee with regard to further action.) 

Mr. Sheppard (King Alfred School, London, N.W. 11), referring 
to the comment upon the correlation between geometry and geo- 
graphy, said he was fortunate at his school in that those two rooms 
were next door to one another. The geography master was, in fact, 
his greatest friend on the staff. He did a great deal of surveying 
and so did the speaker in his syllabus, and he was convinced of the 
tremendous value of good correlation between geography and geo- 
metry. Correlation had, as a matter of fact, reached the point at 
which he had been able to convince the geography master that he 
required apparatus, which was bought out of the funds of the 
geography department and found its way into the mathematics 
room! 

Those of his friends in the London Branch of the Association 
would know that in discussing the Report he would be likely to get 
on his hobby horse and he would ask them to bear with him. He 
had for years been saying that teachers of mathematics were doing 
more and more efficiently what they intended to do but that they 
were intending to do the wrong thing. He confessed, however, 
that his major interest was not in mathematics but in education, 
and consequently he saw the position of mathematics in relation to 
education as a whole. 

The Report was a piece of amazingly fine work which helped 
them all to achieve what they were at present attempting, but he 
would like to see the major part of Sections B and C scrapped, 
except for the specialist student. For the ordinary pupil—95 per 
cent. of those in the secondary school—who would not be going on 
to the University, who required an education which was complete 
in one way and incomplete in that it was really only an introduction 
to life in the outer world afterwards, much that was taught in the 
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mathematics course must be omitted ; and, contrary to the opinion 
of an earlier speaker, he believed that a great part of the geometry 
must go. Geometry taught about shapes and so on, and that was all 
that almost everybody wanted. The logical work was, he believed, 
greatly overdone. He would like to see the whole structure of 
Euclidean geometry at present included in the School Certificate 
syllabus treated, after a course of training in clear thinking and 
logic, as a one-term or two-term course, not as the whole subject 
of the course. 

He was interested to find that the Board’s Report upon Secon- 
dary Education appeared to be saying much the same thing, with 
authority and with that ability to say the right thing which had 
never been his forte. Thus he felt that the Association’s Report 
should be considered in the light of the Board’s Report. 

Lastly, Mr. Sheppard reminded the audience of one of Walt 
Disney’s cartoons in which Donald the Duck chased a mountain 
goat. Ultimately the mountain goat came to rest upon a rock, 
while Donald the Duck went round and round, creating for himself 
a deep ditch out of which Donald found it very difficult to scramble. 
It would be a great pity if school mathematics in course of time 
got into a deep ditch, made all the more deep by the most efficient 
work of committees drawing up fine reports for the guidance of 
those who were already in a very deep rut. 

The President welcomed the opinions already expressed that boys, 
and girls too, for all he knew, were overburdened with perpetual 
learning of and drill in theorems. He moved a great deal among 
those who held that drill in theorems was the most important part 
of the work for those of less than average intelligence because there 
was something that they really could learn and get marks for in an 
examination! That was a view with which he was not in agreement. 

He hoped that somebody would defend the use of Greek letters, 
not that they were any better than the English, but they extended 
the range of letters from 26 to 50, and though, unfortunately, the 
time had passed when the majority of those who received some 
education could learn Greek, he refused to believe that it did them 
any harm to know the Greek alphabet, especially as there were so 
many connections in which it was liable to be useful to them later 
on. 
Mr. R. A. M. Kearney said that he had not for a long time taught 
in a secondary school, and for some time past had done very little 
geometry teaching, but he still preserved his earlier keen interest 
in the subject, in particular the theoretical side. His experience, 
however, both earlier and recent, had enabled him to sympathise 
with the viewpoint of those who argued that, for many pupils, it 
would be well if the theoretical part could be abolished. It seemed 
clear, however, that Stage C would persist in secondary schools for 
some time to come, so that they had to concern themselves with the 
logical structure of the subject as taught. 

He had heard no mention in the discussion of Sir Percy Nunn’s 
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very interesting work in this connection, though several pages were 
given to it in the Report. In Nunn’s scheme the theory of parallels 
arose out of the Principle of Similarity. In proving congruence the 
method of superposition, which had been held by some to be fal- 
lacious, could, if treated properly, be made both rigorous and easily 
intelligible. Nunn’s method (of proving congruence by showing 
that with certain data a figure could be constructed in only one way) 
implied the same assumptions as superposition, since it involved 
the transference of lengths and angles, which was actually carried 
out by the moving of rigid bodies, namely scales and protractors. 
In fact all the geometry dealt with in school was really the geometry 
of rigid bodies, which preserved their shape and size, could be moved 
about relatively to one another, and brought into contact with one 
another in various positions. 

He would like to see more definite use made of this aspect of 
geometrical figures as imprints or traces of movable rigid bodies. 
The plane could be defined by the fitting properties of certain sur- 
faces, the straight line, perpendicularity and symmetry by reversal 
of aspect (that is by turning a figure face downwards), angles and 
circles by rotation, and parallel lines by straight translation. This 
treatment could be used in Stage A (by folding, using tracing paper, 
moving setsquares along rulers, etc.), and in Stage B for building 
up propositions, and, finally, in Stage C, if one wished, to build up a 
logical structure. Whether it was used in Stage C or not, it seemed 
to him that its introduction somewhere in the course would make 
the work more interesting to the pupil, bringing another side of 
actual practical life into relation with his geometry. He would be 
able to use his hands in moving concrete shapes, instead of merely 
dealing with fixed figures on the board which he could only look at 
and puzzle over. 

Mr. Snell (Harrow), in reverting to some of the points made by 
Mr. Beardwood and Mr. Sheppard, said he regarded trigonometrical 
work done in schools as the culmination of Stage A work in geometry. 
The Report was not entirely silent as to trigonometry; it was 
probably not emphasized, because at the transference from Stage A 
to B there was change of emphasis from practical to theoretical 
geometry. He regarded trigonometry as an essential part of the 
final portion of Stage A work. In modern schools and technical 
schools geometry would probably rightly culminate in practical 
work and trigonometry. 

Coming to some of Mr. Sheppard’s points, Mr. Snell, discussing 
the point as to whether there should be an element of deductive 
work done by pupils in secondary schools, said there was some truth 
in an article which had appeared in the Mathematical Gazette in 
the middle of 1937 in which Mr. Dockeray had emphasized the fact 
that the bias towards the need for a practical education was assum- 
ing too large proportions. He personally felt that deductive geometry 
had an important part to play in the liberal education of any pupil 
who would take a secondary education. Two thousand years ago 
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the Greeks discovered the art of deductive geometry. It would be 
rash hastily to agree with those who thought that education was 
purely practical and would, for that reason, discard it. He advo. 
cated that there should be careful thought as to the value of the 
deductive element in geometry as an essential part in a liberal 
education. 

Mr. Sheppard pointed out that he had said that Euclidean geo- 
metry would come after a course in clear thinking. The nature of 
that course he must leave vague because it was something which 
would have to be developed in the future, but he believed that the 
child in school must have training of that kind. He was not sure 
that geometry was sufficiently wide in its nature to satisfy the 
requirements exactly. 

Mr. F. A. Roebuck (Swanbourne House) said he had not intended 
to speak, but the vehemence with which certain gentlemen appeared 
to be determined to remove all consideration of the proofs of pro- 
positions or theorems from the teaching of geometry impelled him 
humbly to suggest they might be as unsuccessful as men trying to 
organise a ‘“‘ Derby ” with riders but no horses! Surely “ Alice” 
through several looking-glasses! 

Mr. Inman explained that he had not meant that there was no 
need for theorems. What he meant was that questions should not 
be set on them in examinations. 

Mr. T. A. A. Broadbent (Royal Naval College, Greenwich) thought 
it might interest members to know that Mr. Andersen’s stimulating 
address, to which Mr. Beardwood had referred as having been 
delivered to the Sydney Branch, had been printed in the Mathe- 
matical Gazette in October, 1932, under the title of “ Initiative in 
High School Mathematics ”’. 

It might also interest members to know that Dr. Wolff of Diissel- 
dorf, who has a great reputation in Germany and the United States 
as a teacher of geometry, had, in discussing the Second Report on 
the Teaching of Geometry,* suggested that it was still necessary to 
get a little further away from the Euclidean spirit. 

Finally, those who had been referring to the logical treatment of 
geometry should read T'he Nature of Proof, recently published by 
the National Council of Teachers of Mathematics (U.S.A.), the 
most striking book on the teaching of geometry that he had yet 
come upon.f 

Mr. W. C. Fletcher prefaced his remarks by thanking the Council 
and the Association for the honour conferred upon him by his 
appointment as President of the Association for the ensuing year. 
He had been so impressed by the President’s demand that time 
should not be wasted at the meeting on the previous day that he 
feared he had appeared somewhat discourteous in not then ex- 
pressing appreciation of his appointment. 

He had come to that discussion rather hoping that there might be 


* See this Gazelte, pp. 185-197. t See pp. 238-9. 
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some really drastic criticism that would be worth replying to. He 
did not mean by that that he could reply effectively ; but a Report 
was no good unless it stirred up thought. Most of the comments 
that had been made were useful and obvious. He wished particu- 
larly to refer to the question of revolution. It was all very well to 
talk of revolution as long as one was not responsible. Those re- 
sponsible for drawing up a report had to have some remembrance of 
the existing state of things and what was practicable. It would be 
quite wrong to suppose that because revolution was not emphasized 
in the Report it might not have been in the minds of some of the 
writers of it. In all educational matters one had to remember as a 
fact that there was no getting away from that there were many 
hundreds—he did not know how many—of he was going to say 
mathematical teachers, but he would say of people who were teaching 
school mathematics (which was a very different thing), and the real 
problem of the practical educator, the administrator, the headmaster 
and the head-mistress was to help those people along as best they 
could. They had got to work with those lame tools—themselves 
being part of the lame tools, of course. Therefore the Report could 
not be revolutionary. In so far as the First Report attempted to 
be revolutionary, it was a failure. The First Report was extremely 
interesting but the most interesting part was useless for its purpose. 
That was one of the root difficulties which had to be dealt with in 
writing the Second Report. It was not possible to be revolutionary. 
If the Second Report lasted for four or five years that was as much 
as one might expect, but one might hope that by that time further 
progress would be possible. 

As to the relations with Universities ; they were very odd things. 
Abstractions always were, and the Universities were abstractions. 
Really it was a matter of dealing with human beings, and the reason 
why it took so long to get the use of similarity allowed in London 
was that it had been necessary to wait for the death of one person 
and the retirement of a second! That should not, of course, be taken 
too literally, but it was substantially true! 

An interesting point raised by one of the speakers was in regard 
to the relative merits of problems as against theorems from the 
pupil’s point of view, though the speaker had not put it quite in 
that way. It was, Mr. Fletcher thought, true that boys and girls 
found trying to do things much more interesting even than trying 
to prove things. There was no doubt as to the main fact, but there 
was a great stumbling-block in the way. It used to be said in his 
schooldays that problems were harder than theorems. That meant 
one was less likely to be able to do them. He thought that was 
true. It did not mean one might not get as much profit out of the 
effort. Probably one did. It meant that success in doing the problem 
was less likely than success in proving the prescribed thing. There- 
fore, from the examination point of view, a problem was much more 
difficult than a theorem, and therefore, however much an examiner 
would like to do it, he was risking too much if he allowed too much 
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problem work in a paper. He did not mean the question that said 
“Construct a figure according to given dimensions ”’, but that which 
wanted consideration, finding out how it could be done. That was 
rather difficult, and, however desirable it was, it might not be 
practical politics to put that on a large scale into an examination 
paper; and of course that, unfortunately, reacted on the work 
done in schools. That was one of the practical difficulties, and it 
was the same as regards theorems and riders. He would be glad to 
leave out of an examination all the theorems, but as things were at 
present that would be too dangerous because examination conditions 
were not classroom conditions. 

After what Mr. Snell had said, it was unnecessary for him to add 
more with regard to trigonometry. 

It was curious how people could take diametrically opposite 
views over what seemed a simple and easy question. Someone had 
spoken, and with some force and effect, of the mischief of taking 
all the congruence group together. If there was any one thing he 
thought he had learned in his early days in teaching geometry it 
was the extreme folly of doing otherwise. He had no doubt Mr. 
Brown was right, but he was quite certain he personally was right 
although they disagreed flatly with one another. It probably all 
depended on how things worked with oneself. 

In conclusion, it should be remembered that at best the Report 
was a mere interim report. The teaching of geometry would not 
be satisfactory, in this country at any rate, until it had advanced 
very much beyond its present stage both of freedom and of power. 


BUREAU FOR THE SOLUTION OF PROBLEMS. 


This is under the direction of Mr. A. S. Gosset Tanner, M. A., 115, Radbourne 
Street, Derby, to whom all enquiries should be addressed, accompanied 
by a stamped and addressed envelope for the reply. Applicants, who must 
be members of the Mathematical Association, should wherever possible state 
the source of their problems and the names and authors of the text-books 
on the subject which they possess. As a general rule the questions submitted 
should not be beyond the standard of University Scholarship Examinations. 
Whenever questions from the Cambridge Mathematical Scholarship volumes 
are sent, it will not be necessary to copy out the question in full, but only 
to send the reference, t.e. volume, page, and number. The names of those 
sending the questions will not be published. 

The Secretary would be glad to receive any solutions that bave not yet 
been returned. 
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THE SECOND REPORT ON THE TEACHING 
OF GEOMETRY. 


By Grora Wotrr, DissELDoRF (GERMANY). 


AL school teachers of the world who are interested in the develop- 
ment of the teaching of mathematics in general and of the teaching 
of geometry in particular know the three stages A, B, C which are 
prescribed for the teachers of geometry in England. The father of 
this splendid idea is W. C. Fletcher, formerly Chief Inspector of the 
Board of Education in London. He issued in March 1909, as Circular 
711, a famous regulation : Teaching of Geometry and Graphic Algebra 
in Secondary Schools. 

It is proposed in this decree to teach geometry no longer with 
only the textbook of Euclid but to give first an intuitive introduc- 
tory course. In the next stage, geometry is taught by a mixture of 
inductive and deductive thinking, and lastly, when the pupils are 
old and clever enough, they have to learn geometry in strict logic. 

About twelve years after the publication of this significant Circular 
the Mathematical Association appointed a Committee to research 
into these productive and valuable ideas on the teaching of geometry. 
In 1923, the report of 74 pages came out under the title The Teach- 
ing of Geometry in Schools (G. Bell and Sons, London). 

In this report, they consider the teaching of geometry in three 
stages called: Stage A: Experimental; Stage B: Deductive ; 
Stage C: Systematising. 

As more advanced subjects they further have : Stage D : Modern 
Geometry ; Stage E : The Philosophy of Geometry. 

The aim of this book is to explain the three stages a little more 
in detail, to recommend the use of measurement, motion of figures, 
transformations, and to demonstrate the importance of geometry 
in pragtical everyday life. This explains the fundamental position 
in the geometrical curriculum today of field-work and solid geometry. 

No doubt this report has become very popular in England. It 
was published in three editions, the last of which appeared in 1929. 
Written according to these new ideas, most textbooks now have 
two parts: I. Practical Geometry; II. Theoretical Geometry. We 
find in the prefaces remarks about intuitive, informal, observational, 
empiric methods. But doubtless on the whole many English text- 
books of Geometry have not yet abandoned sufficiently the spirit of 
Euclidean thinking. If stages A and B are to be fully introduced into 
English schools, textbooks and teaching must be, entirely childlike. 

This was certainly the real reason why the Mathematical Associa- 
tion asked for the revision of this first report. In 1933 a Committee 
of outstanding English pedagogues undertook this difficult task, 
and in 1938 there followed the publication of a notable volume of 
oo entitled A Second Report on the Teaching of Geometry in 

ls. 

On the one hand they give more details for the different stages 
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we mentioned above, in order to illustrate the new school geometry 
scheme; on the other hand they point out so many suggestions 
as to methods that the teacher can, if he wishes, leave Euclid and 
strike out a new path for himself. The means suggested are : 


(a) Natural scientific method in the teaching of geometry: drawing, 
models,* motion, workshop work, surveying, induction, 
perception, observation. 

(b) Solid geometry by the study of different bodies: representation 
of solids by the methods of projection, oblique projection, 
plan and elevation, perspective. 

(c) Cultivation of projective geometry at least with symmetry 
and similarity. 

(a) Mathematics is an auxiliary science of the natural sciences. 
No teacher will teach introductory physics as theoretical physics ; 
all will try in the beginning to give experiments and to help with 
perception. Later on they introduce more difficult problems. 

Why should we follow a different way in mathematics? Here 
too, in the first years, observation and experiment are the centre 
points of teaching ; induction and concrete applications must help 
in the understanding of mathematics. These are fundamental aims 
of the second report. Thus the child will also learn the extensive 
applications of mathematics in life, culture and civilisation. 

To attain this aim there are many different possibilities. We 
may mention the fact that fundamental concepts must be seen as 
material: The straight line is a string or a ray of light (p. 177); or 
we can take the use of models which are moved, turned, rotated, 
transformed, or the construction of models of paper or wood or 
metal, or the methods of land-surveying. 

But the teacher can only teach in this way if trained in all 
these subjects too. In future he will by no means be able to study 
only pure and purest mathematics at a university; he will be 
compelled to study first of all applied mathematics and likewise 
natural sciences at a technical institute. Such studies will set the 
teacher free from the fear of not being strict enough in his use of 
logical deductions in teaching, and he will make full use of induction 
in teaching geometry to beginners. 

Moreover, the special training of the teacher must also proceed 
along these practical lines. Today, more than ever, he needs to be 
a real many-sided workshop man ; he should not be afraid of using 
the glue-pot after having made the correct drawing of the develop- 
ment of the solid; he should know the use of the saw and the 
soldering-iron ; he should be skilful in demonstrating all these 
things within the mathematics lesson. 

Just so in field-work. We know very well that it is easy to demon- 


* G. Wolff, “The Mathematical Collection ”, Eighth Yearbook of the National 
Council of Teachers of Mathematics, Columbia University, 1933, p. 216 ff. 

+ G. Wolff, ‘“‘ Mathematics as related to other great fields of knowledge”, 
Eleventh Yearbook, Columbia University, 1936, p. 207 ff. 
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strate on the blackboard with chalk and sponge how to solve the 
most difficult problems in surveying with angle-mirror, with simple 
or complicated transits, with the sextant, with the plane-table, with 
the surveyor’s cross (double alidade). But those who have worked 
with this apparatus only a short time know how such instruments 
bear malice in themselves, how difficult it often is to master them. 
And when field-work is depicted on paper we need planimeter, 
proportional dividers and pantograph. Here also we must know 
how to use the instruments. The teacher who is expert in handling 
his instruments will find grateful and enthusiastic pupils on his side. 

Twenty-five years ago I saw in Harrow an excellent laboratory 
method with my good friend A. W. Siddons.* I was sorry to hear 
that there is no longer any more time for such valuable and successful 
experiments. It would reflect great credit on the whole teaching 
of mathematics in our time if these practical measurements could 
be revived in English secondary schools. And England is pre- 
destined for such empiric work. England is the country above all 
others where empiricism, intuition and sensualism have found 
the best and most fertile soil, We look back on such names as 
John Locke (1632-1704), George Berkeley (1685-1753), David Hume 
(1711-1776), John Stuart Mill (1806-1873), Herbert Spencer (1820- 
1903). They are well-known scholers in realistic philosophy, their 
system being founded partly on perception and partly on thinking. 
It is therefore surprising that a kind of parish of the believers is 
still unflinchingly holding to the old friend Euclid, as if there were 
no other geometry in the world, and as if in the centuries since his 
death the geometers had discovered nothing new! 

But we still have pedagogic arguments too. The father of the 
above-named philosopher, William George Spencer, wrote, about 
1830, an introduction to Geometry entitled [nventional Geometry. 
This book is well known and popular not only in England but also 
in America. In 1876 a special edition for the U.S.A. was extra 
published by Appleton and Company.f Herbert Spencer himself 
describes his experiences with this book and his method as follows : 

“I have seen it create in a class of boys so much enthusiasm that 
they looked forward to their geometry lesson as a chief event in the 
week .” ‘‘ Any true geometrician who will teach practical geometry 
by definitions and questions thereon will find that he can thus 
create a far greater interest in the science than he can by the usual 
course .”” 

It is a great pity that the English teachers of mathematics did 
not follow up this childlike method. 

Not until Perry’s famous speech in Glasgow in 1901 had brought 
success to the Perry movement, and the activity of the International 


* A. W. Siddons and A. Vassall, Practical Measurements, Cambridge University 
Press, 1911. 


t The National Council of Teachers of Mathematics, Fifth Yearbook, 1930; 
W. D. Reeve, The Teaching of Geometry, p. 8; Eighth Yearbook, 1933; W. Betz, 
Teaching of Intuitive Geometry, p. 58. 
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Commission on the Teaching of Mathematics under the leadership of 
Felix Klein in Géttingen, did school teaching receive a better impetus. 
As a result of this impulse we have the book : 

Grace Chisholm Young and W. H. Young, First Book of Geometry, 
London, 1905. 

There is a good German translation : der kleine Geometer, B. G. 
Teubner, Leipzig, 1905. 

In the historical development, the three above-mentioned steps 
are important : in 1909 the regulation of W.. C. Fletcher, in 1923 the 
first report, in 1938 the second report of the Mathematical Associa- 
tion were published. 

The most important pedagogical progress in this work is the falling 
away of the boundaries between the stages A, B, C (Report IT, p. 48). 
In future there shall be no difference between part I and part II, 
between the practical and the theoretical chapter, between inductive 
and deductive geometry ; the frontiers between A and B and C are 
not strict, but elastic. The three stages are often used side by side. 

In closing this division, we may stress the fresh and happy feeling 
which we mentioned above: we may remember once more the 
words of Herbert Spencer about his father’s geometry book for 
beginners. Let us compare this fresh and happy atmosphere with 
the feeling produced by the study of Euclid. Twenty-five years 
ago I found amongst some old papers of the Mathematical Associa- 
tion in London, the following verse : 

** If there should be another flood, 
Hither for refuge fly ; 
Were the whole world to be submerged, 
This book would still be dry.” * 

(6) In the first report it was emphatically stressed : “‘ no formal 
separation between plane and solid geometry’’. We call this inner 
connection between plane and solid geometry fusion. This fusion 
is indispensable in the teaching of mathematics, because each child 
looks from its first hour into space with its three dimensions and 
so learns how to see. Euclid stays too long in his own geometry 
as in a flat land, and therefore his subject does not educate in the 
original and real sense of the word “geometry”. We find no 
space measurement in his general course. 

A few textbooks have to a certain extent accepted the direction 
of the first report in that they have interwoven space and plane in 
their examples of informal geometry. But it is strange that in 
formal geometry they have often no space discussions or space 
riders, and the figures are only taken in the spirit of Euclid in two 
dimensions. There are still textbooks enough confining themselves 
entirely to the plane. Even the fact that such authors publish an 
extra volume for solid geometry demonstrates that they do not 
wish to recognise in any way this valuable and absolutely necessary 
fusion. The expression “solid geometry” should be forbidden, 


* Georg Wolff, Der Mathematische Unterricht der héheren Knahenschulen in 
*s land, p. 57, B. G. Teubner, Leipzig, 1915. 
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being a tautology, and the corresponding books should be forbidden 
too. Every geometry is of course solid geometry. 

It is obvious that the Committee of the second report have not 
been satisfied with the results gained in this direction. On many 
pages they speak in favour of solid geometry. The new main view 
is not only the production of models after having drawn the net or 
the development but the representation of the solid by a drawing. 
So they demand an amalgamation of geometry with descriptive geometry. 

If they will have technical drawing in school teaching, a funda- 
mental distinction must be made between sketch and drawing. In 
technical science they understand by the term “sketch” a free- 
hand drawing, in which it is not necessary to represent according 
to given measures. In general, such sketches are only used in the 
lesson with the repetition of the subject. The exact drawing is 
mostly preferred in school teaching. It is the deeper sense of the 
theory of projection, that all line segments are given by numbers, 
that these line segments must be drawn as accurately as possible, 
likewise for angles and quotients. 

As to the methods of representation, we find in the second report 
three projections : 

(1) Oblique Parallel Projection, or shortened : Oblique Projection, 
named also Cabinet Drawing, Slanting Projection, Axono- 
metry. 

(2) Method of Monge : Orthogonal Projection, Normal Projection, 
Plan and Elevation. 


(3) Perspective, Central Projection, Central Collineation, Theorem 
of Desargues (1593-1662).* 


(1) It must be said that the methods of representation of the three 
kinds of projection should never be given without explanation. 
Their theorems must be derived and be proved by observation and 
deduction. This is very simple with axonometry. First of all, the 
student must know how the line segments are depicted on the three 
straight lines: (a) front line; (b) height line; (c) forward line. It 
is impossible to draw in oblique projection without having given 
the angle yp, under which shall be represented the pictureplane and the 
factor of abridgment (q ) for shortening. 

Figures in nor aet must be denoted by letters or they cannot 
be read or understood. We have our own language of drawing 
without words. Such figures as those on p. 42 (Fig. 23a and b) of 
the second report are only of value if the student must put the 
letters on them. 

Furthermore, it is important not to draw too many auxiliary 
lines, as they disturb the right impression of the projection. We 
need only the beginning and the end of them ; anybody who knows 
how to draw can read them in the language of representation. It 
is therefore necessary to make many exercises in projection, for 


* G. Wolff, “‘ The Abstract and the Concrete in the Development of School Geo- 
metry ”, The Mathematics Teacher, Vol. XXIX, No. 8, p. 368. 
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only in this way can the students learn skill in drawing and com- 
prehension also. But if the teacher wants success he must have 
undergone a good training in descriptive geometry at the university 
or at a higher technical institute. 

May I say a word as to the accuracy of the drawings in the text- 
books. These figures especially must be above criticism. The child 
looks on them as standard figures. If they are wrong the child 
obtains incorrect impressions. And it must be said that there are 
still many figures of solids in English textbooks which can give a 
wrong idea of the method of projection and of the solid itself. We 
often find in old and new books, particularly in parallel projective 
representation, the forward lines nearly converging behind. If you 
make a correct design of a rectangular block it should look as in 
Figure |. 


H G 
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We find in Figure 2 the oblique projection of a right regular four- 
sided pyramid under gy =30° and qg=}. In the table of different 
solids to be found in English textbooks we often see the right 








lave 
sity 


ext- 
shild 
shild 
. are 
ve a 
We 
ative 
you 
is in 


four- 
erent 
right 





















SECOND REPORT ON TEACHING OF GEOMETRY 191 


regular six-sided prism; but, I am sorry to say, they are mostly 
wrongly represented. Fig. 3 is a correct drawing under p =45° and 
q =}, with a few construction lines in the ground plane. 
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Fie. 3. 


The most interesting parts of the English textbooks are all the 
bodies where a circle must be depicted. Up to now I have not found 
a single correct one. 

We find therefore in Fig. 4 the projection of a circle circumscribed 
by a square, and in Figs. 5a and 5B we see constructions of an 
ellipse in oblique projection in two other ways (py =30°, q=}). 
When we have learnt how to construct the ellipse, it is easy to 
draw a cylinder (Fig. 6), a cone (Fig. 7), and even a sphere (Fig. 8). 

Besides the correct drawing it is necessary to choose a favourable 
position of the object in order to obtain a good impression. For this 
purpose I have drawn Fig. III, p. 153, once more. We shall see 
the new arrangement in Fig. 9 with the collineation relationship 
between ABC and A,B,C,. As a special case, we find from this 
figure similarity (Fig. 10), which will be taught in Germany only 
in plane and solid together, and the affinity (Fig. 11) between the 
bottom ABC and the intersection PQR. 
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Fig. 5B. 


(2) We begin with orthogonal projection a little later than with 
axonometry. All solids from which we abstract our plane figures, 
or from which we calculate the surface and the volume, are drawn 
in oblique projection in the method of Monge too. We prefer, as 
picture plane, the ground plane, the vertical plane and the left- 
side plane. 

(3) Crowning the projections we take perspective. We mostly 
begin by representing figures and solids in perspective ; then follows 
the application of perspective in painting. So we have the problem 
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of reconstructions of perspective pictures for research if the painter 
has taken as fundamental a perspective drawing or not.* We use 
this reversing problem of perspective, too, to solve simple problems 
of photogrammetry. 

But the main point in perspective is the projection of the circle. 
We construct by central projection the ellipse, the parabola and the 
hyperbola, and we transform in the method of projective geometry 
certain qualities of the circle on the conics. In this way we have a 
real projective geometry according to the thinking of Jean Victor 
Poncelet (1788-1867), Jacob Steiner (1796-1863), Christian v. Staudt 
(1798-1867) and Arthur Cayley (1821-1895). 

From the latter we have the famous saying that should find an 
echo even in England : Projective geometry is all geometry. 

We believe that the so-called “Modern Geometry ” (Report I, 
p. 16) is no modern and no real projective geometry ; we believe that 
this is a geometry in Euclidean method of thinking ; we believe that 
the theorems of Ceva and Menelaus, the nine-points circle and 
problems like these are proved only by Greek and formal proofs; 
we believe that the general projective ranges and pencils and their 
applications in the proofs of the theorem of Pascal, Brianchon, and 
of the complete quadrangle and quadrilateral, and in the construc- 
tions of conics and problems like these, are more interesting. 

In this way the pupil can see that we have not only one geometry 
in the world—that of Euclid—but that we have different successful 
geometric thinking—descriptive, projective, analytical. This is a 
great advantage when it is desired to abandon Greek geometry. 

There is still a discrepancy in the method of teaching geometry. 
On the one hand it is desired to have more concrete and empiric 
treatment, on the other hand teachers will not give up abstract and 
pure geometry. It is universally recognised that the methods of 
projective geometry—related to those of informal or intuitive 
geometry—give strict arguments for the evidence of geometrical 
facts. From the standpoint of any kind of projective geometry it 
is impossible to say : 

“The symmetry can’t be ‘ recommended for purposes of formal 
proof’ ”’ (Report I, p. 48). 

“The recognition of symmetry is an important element in the 
development of intuition, but use of symmetry in formal proofs is 
particularly dangerous in early work ” (Report II, p. 44). 

The many propositions which have been discovered in the different 
projective geometries are correct, the methods of motion, changes, 
transformation, projecting, are as sure a proof as many a deduction. 
It is one of the fundamental principles of school teaching to treat 
symmetry by the method of depiction as a projective geometry.} 


* G. Wolff, Mathematik und Malerei, 2 Aufl., B. G. Teubner, Leipzig. 

+ G. Wolff, “ Teaching of Geometry in Germany ”, The Mathematical Gazette, 
1937, Vol. XXI, p. 95, Fig. 8. Reidt-Wolff-Kerst, Die Elemente der Mathemutik, 
Four volumes for arithmetic, four volumes for algebra, analysis, geometry. Sym- 
metry in Vol. II. G. Grote, Verlag, Berlin, Dessauerstr. 

















te, 
ik, 














SECOND REPORT ON TEACHING OF GEOMETRY 197 
If we do so we find as a real application the construction as: Draw 
the perpendicular bisector of a line segment, etc. Then we do not 
need any Euclidean proof and we save time and earn interest. 

Allow me to say still an important word : It is a wrong idea to 
suppose that the scheme of an informal geometry planning has not 
to be formed in a logical way. It is, for instance, never correct to 
speak of an angle before having introduced the circle and the mean- 
ing of turning. The system must be logical in itself. 

There is no question that in a certain sense Report II will leave 
Euclid, but he can’t be got rid of completely. I will therefore close 
with a word of the Committee (p. 5) : 

“The Committee, though far from advocating the adoption of 
revolutionary measures by all teachers, hopes that some enthusiast 
will be able to experiment on these lines, and feels strongly that to 
do so would be to render good service to the community and to 
mathematics.” GrorG WOLFF. 


1264. “Do you think the earth is round, Mr Waring? ” 

“ Oblate spheroid, according to the learned. Like an orange that has been 
sat upon gently, by a lightweight ; slightly flattened top and bottom. But 
still, roughly speaking, round ; a ball. So they say.” 

“ Well, then, if you could drive a lift-shaft straight through from London 
to Sydney, and went down by the lift, do you mean to say that when the 
lift-gates opened, your feet would be just where the Australian people’s heads 
are?” 

“It would appear so, Socrates ”’. 

“* But it’s sheer nonsense. Tell me, would you be standing on your head or 
would they? ” 

“Neither. We'd both be standing on our feet”. 

“ But you couldn’t both be. When you arrived in the lift, your feet would 
be presented upward.” 

“ Pointing at the Australian sun,” I agreed. 

“ And the lift man in Sydney would be standing on his feet with his head 
pointing at the Australian sun. Both he and you are standing on your feet 
yet with your heads pointing in opposite directions. One of you must be 
upside down, surely.” 

“So it would appear, Socrates.” 

“ Well then, it’s just silly. Reductio ad absurdum.” 

“ And yet the learned men do firmly asseverate that the world is round, a 
ball, a sphere ; and other learned men accept their statement.” 

“ Well, we don’t, do we? I mean to say, you don’t think that if you arrived 
at Australia by lift, you’d have to turn yourself upside down, stand on your 
hands and walk out that way, so that you wouldn’t have your head where 
the Australians’ feet are.” 

“ But you would, if you did that, Socrates.” 

“ Well, that proves that the earth is flat, doesn’t it? ...?”—P. C. Wren, 
Cardboard Castle, p. 75. [Per Mr. J. P. McCarthy.] 


1265. For the fact was I was idle, my energies rising vigorously out of their 
rest when lured to do so by anything that was able to charm them, but not 
caring so much to enquire what relation there might be between (a+6)? 
el a* + 2ab + 6*.—Lord Dunsany, Patches of Sunlight, p. 52. [Per Mr. A. P. 

ett. ] 
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THE LAW OF QUADRATIC RECIPROCITY. 
By P. J. Heawoop. 


In connection with the article on Quadratic Residues in the December 
number of the Gazette, a neat graphical method, which I first put 
forward in 1913,* may be of interest. 

Let p, q be two prime numbers, p>g. Take a circle whose 
circumference on any scale is of length p, and measure off from a 
fixed point, O, on the circumference, arcs OA, AB, BC ... each equal 
to gq. After measuring off p such arcs, we should get back in q 
circuits to the starting point O. With the insertion of the (p —1)th 
point the circumference will be exactly divided by the points O, A, 
B, C ... into p equal parts ; and the figure will exhibit the numeri- 
cally least residues (mod p) of q, 2q, 3q ... (p —1)q, as given by the 
lengths of the shorter arcs OA, OB, OC... , taken positively or 
negatively according as the arcs terminate on the semi-circumference 
‘above ” or “ below ” the diameter OX through O. Moreover the 
mth and (p —m)th points of division will be symmetrically situated 
with respect to OX, i.e. each will be the reflexion of the other in 
OX, since mq + (p—m) gq =0 mod p). 

If then we stop at the $(p—1)th point (Fig. 1), the “ blanks ” on 
the one semicircle will correspond to the “insertions ” on the other ; 


E 
B H 








Fig. 1. 


and the numerically least residues of g, 2¢ ... $(p—1)q, (mod p) 
will just include all the numbers 1, 2, ... $(p—1), taken positively 
or negatively according as the terminal points of the corresponding 
ares lie on the upper or lower semicircle. If r be the number of those 
below OX, we have 


2g x 3q x... x3(p—I1)q, i.e. [3(p-1)]! ge-? 
= = ( “i Ee 1)}! (mod p), 
i.e, gi?-1) =(-1)" (mod p). 
Therefore q is or is not a quadratic residue of p, according as the 


number, r, of points on the lower semi-circumference at the stage in 
question is even or odd. 


* Proc. Lon. Math. Soc., Series 2, Vol. 12, Part 5. 
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In the usual notation (q|p)=(-1)’. 

2. We supposed p>g. This makes the figure more intelligible ; 
but the process will work just as well in the other case. If, then, 
on a circle of circumference g, we now measure off $(q-1) ares 
oa, ab, be ... each =p, we shall have 


(p |g) =( —Iy, 
where is the number of points inserted on the semi-circumference 
below ox (Fig. 1 (a)). But the points a, 6... inserted on the new 
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Fia. 1 (a). 


circle will exactly correspond to points which have been inserted 
in the first division OA(=q) of the other circle. For suppose that 
the mth point in Fig. 1 (a) is at a distance 5 (+ ve < q) from o, this 
implies a relation mp —nq=8 ; and then 


(n+1)q-—mp=q-5 (+ve <q), 
ie. the (n +1)th point in Fig. 1 will be as far behind A as the mth 
point in Fig. 1 (a) is in front of o.* If then Y is the middle point 
of OA, the arc OY will exactly correspond to the lower semi-circum- 
ference in Fig. 1 (a) ; so that ¢ is also the number of inserted points 
in Fig. 1 which lie in OY ; and we have : 


(pla) x (q|p)=(-1)*, 
where r+s is the number of inserted points in the whole arc XOY. 


3. But again the 4(p-1) points inserted in Fig. 1 will be sym- 
metrically situated, in pairs, with respect to a fixed diameter, since 


(1 +A)q +{3(p — 1) —A}q =3(p + 1)g =constant ; 


and as the last point inserted, the }(p-1)th, will be at a distance 
q/2 behind X,f while A, the first point inserted, is at a distance q/2 
in advance of Y, this axis of symmetry will be the diameter bisecting 
the are XY. Thus the r+s points in which we are interested will 
be ranged symmetrically along the are XOY. 

Therefore r+s will be odd if and only if (1) the number of 
inserted points is odd, having a middle point, 1.e. }(p +1) integral ; 

*It is easily seen that if m<4(q-1), n+1<4(p-1); so that the point in 
question will have been inserted in Fig. 1 at the stage supposed. 


t This is so because, as we saw at the outset, the (p -1)th point would come at 
a distance g behind O. 
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and (2) this point is at K, the middle point of the are XOY, for which 
OK = —}(p-—gq), not at the diametrically opposite point. This last 
condition gives 

}(p +1)q+4(p—g) =0 (mod p), i.e. $(q +1) integral. 

Thus it is only when p, q are each of the form 4m+3, as in 
Fig. 2 (constructed in precisely the same way as Fig. 1), that 
(p|q) x (q|p) can be other than +1. Im all other cases each is a 
quadratic residue or neither is a quadratic residue of the other. The 
formula ( p|q) x (q|p) =(-1)##-@- includes all the results. 

F Y 
Ss ¢ Ey Cc 
Cc A 


A, KD 
x Oo =x ie) x 1) 
2 ie. \ ; E 
A D 


B 
Fig. 2. Fig. 3. Fic. 4. 
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The figures given have been drawn for the following values, illus- 
trating the various possibilities : 


(1) p=17, gq=11; r=5, s=3. 

(2) p=ll, g=7; r=3, s=2. 

(3) p=1l, q=5; r=2, s=0. 

(4) p=13, gq=5; =r=3, s=1. 
r+s is even except in (2); in (3) there is a middle point C, but 
it is diametrically opposite to K. Percy J. HEAwoop. 


1266. “The mind cannot think without either percept or image. The use 
of the Figure in Geometry is more than a convenience ; it is a necessity. But 
it need not be drawn on paper or on a blackboard, It can be constructed in 
imagination. The mind is not strictly thinking about the Figure—the triangle 
ABC for example; it is thinking about the universal triangle ; but it can 
only do this by means of a particular triangle, taking care to avoid reference 
to any peculiarity of the particular triangle——William Temple, Nature, Man 
and God. [Per Mr. A. F. Mackenzie. ] 

1267. The fact that astronomy reveals God only as mathematician is not 
surprising, for astronomy is a mathematical science studying the mathematical 
aspects or functions of the objects under review. If we attend to no other 
aspects, it may leave us gazing spellbound but fundamentally hopeless into 
the depths of 

The everlasting taciturnity— 
The august, inhospitable, inhuman night 
Glittering magnificently unperturbed. 


—William Temple, Nature, Man and God. [Per Mr. A. F. Mackenzie. ] 











has 


ave 
tris 
cou 
suk 
has 
tio! 


tha 


in 
at 


16 


'D. 


1se 
ut 


gle 
an 
ice 
an 


10t 
cal 
her 
nto 











THE SPENS REPORT 


THE SPENS REPORT. 


MEMBERS of the Association who have read the Report on Secondary 
Education will be interested to know that the references in the 
Report to mathematics were considered in January last by the 
Council and by the Teaching Committee. The following is a copy 
of the letter sent to the Board of Education in consequence of a 
resolution of the Teaching Committee. It was signed by the 
President of the Association as well as by representatives of the 
Teaching Committee : 

“ The Teaching Committee of the Mathematical Association have 
had under consideration the recently published Report on Secondary 
Education, and they wish to make the following observations. 

The recommendations with regard to the teaching of Mathematics 
contained in the Report are essentially sound. They are in no 
sense new. They have been advocated for the past twenty years by 
members and committees of the Mathematical Association and His 
Majesty’s Inspectors. The views expressed in the Report are those 
of a former President of our Association, well known for many years 
as the head of a Training College and as an advocate of modern 
methods. 

The Report fails to take account of the efforts already made by 
teachers to introduce and spread reforms. The reforms have 
already been carried out, to a greater or less degree, in the more 
progressive schools. Doubtless they have been neglected elsewhere, 
and the Report should strengthen the hands of progressive teachers. 

The Teaching Committee questions the statement in the Report 
about the time that can be saved by the adoption of the recommen- 
dations. If the ideals of the Report are to be attained, the purge 
of unnecessary elaborations from elementary Mathematics which 
has already started will have to continue. Even so, it is doubtful 
whether more can be done with time saved in this way than to make 
available to a larger number of pupils than at present those parts of 
trigonometry and calculus that ought to form part of the ordinary 
course instead of being reserved for the brighter pupils. 

The doctrine that Mathematics should be treated as a single 
subject has long been accepted by members of our Association. It 
has not proved easy to carry into practice. An important considera- 
tion is that the average teacher has not the confidence, if he has the 
ability, to go outside the books with which he is familiar. It may be 
that new textbooks and new training in the training colleges (and 
not merely in one of them) are wanted. Also it is desirable that a 
careful watch should be kept on examinations, so that enterprising 
teachers are not hampered. In these matters our Association is less 
able to take successful action than the Board of Education.” 


201 


1268. I do not mind confessing that I personally have often found relief from 
the dreary infinities of homaloidal (Euclidean) space in the consoling hope that, 
after all, this other (Riemannian space) may be the true state of things.— 
W. K. Clifford, Lectures and Essays, I, p. 388. [Per Mr. A. F. Mackenzie.] 

oO 
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EXAMINATIONS SUB-COMMITTEE. 
ScHoont CERTIFICATE ALGEBRA. 
Members of the Association who read the statement on page 6 of the 
Mathematical Gazette for February 1939 will remember that the Exami- 
nations Sub-Committee is considering first the Algebra syllabuses of the 
various school certificate examinations. 

It seems desirable that members should from time to time be informed 
of the questions confronting the Sub-Committee, and possibly that they 
should be given the opportunity to assist, especially in those cases where 
considerable divergence of opinion makes decision difficult. It is, how- 
ever, necessary that they should first be aware of the facts, and the 
following summary of the results of an analysis of the algebra papers and 
syllabuses of the six most important school certificate examinations of 
England and Wales will show, among other things, the wide divergence 
of present practice between them. To avoid unnecessary complications 
the examining bodies are referred to by letters. 





Examining A B Cc D E F 
body 
Time for 1j 3 2 2 2 24 
per (hrs.) 
umber of 9 9 12 10 10 6 
questions 
Are any ques- 2o0r3 2or3 First 5 Rarely 2or3 Mostly 
tions divided? divided divided 
Is there any No No First 5 com- No Do first 3, No 
choice of pulsory and 4 from 
questions? Do 5 out of remaining 7 
remaining 7 
Are there other No No No No All branches Also 1 trigo- 
subjects on the including nometry 
same paper? trignometry question 
SYLLABUS 
Omissions Formulae, Variation Graphs of —- Progressions, Negative and 
Variation cubics Variation fractional 
Applications Progressions (Both in the _indices 
in geometry Additional Literal 
paper) equations 
Inclusions Square Root — Surds, ratio, Use of —_— y=mz+e, 
by rule proportion Remainder gradients, 
Graph of Theorem. ratio, 
logyox Ratio, — roportion 
proportion, inverse and 
variation direct 
variation 


Any committee considering these facts is faced with the difficulty of 
answering questions such as the following : 
(1) What is the most suitable length of time for a paper? 
(2) How many questions should it contain? 
(3) Should there be a choice of questions? 
(4) Should there be separate papers for arithmetic, for algebra 
and so on, or should papers be “‘ mixed ”’? 

It is obviously desirable to consider these, and other similar questions 
(even if it is impracticable to answer them) before deciding what is to be 
included in, or excluded from, syllabuses. 

It is also necessary to consider them as a preliminary to investigating 
complaints about this or that examination paper. It is intended in the 
future to deal with such complaints in a more systematic manner than 
formerly. 

Members are therefore asked to think over the above facts and the 
questions arising from them, so that it may be possible, if necessary, to 
ascertain the opinion of the Association on matters arising from them. 


99 Maze Hill, London, 8.E. 10. C. T. Datrry (Secretary). 
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MATHEMATICAL NOTES 
MATHEMATICAL NOTES. 


1361. An envelope question. 


“The envelope of the circles described on a system of parallel 
chords of a conic as diameters is another conic.” (C. Smith, Conic 
Sections, XII, 28.) 

Take the chord through the centre as axis of y and the diameter 
bisecting the chords as axis of x; let w be the angle between the 
axes. 

The equation of the conic is then 


x?/a? + y?/b? =1. 
Any circle of the system is 
(a —h)? + y? +2 (a —h)y cos w =h, .........ceceeeeee (1) 
2k being the length of the chord, (h, 0) its middle point, so 
h?/a? + k?/b? =1. 
Differentiating (1) after substituting for k?, 
%+y 008 w =h (a* + 6*)/a* ; ..........cccccoecevees (2) 
eliminating 4, the envelope is found to be 
b? (x + y cos w)* = (a? + 6) (b? —y? sin? w), ...........66. (3) 
and the circle (1) touches its envelope (3) where 
b? — y? sin? w =b*h? (a? + b?)/a*, using (2). 
Consider now the circle of the system which cuts the axis of x at 


the greatest distance from the origin, that is, h+k is a maximum, 
subject to h?/a* + k?/b?=1; the values of h and k are given by 


hja® =Ke/b® =1/./ (a? +82). .cecsccsessesssesseees (A) 


Consequently circles of the system whose diameters cut the 
x-axis between x =a?/,/ (a? +b?) and z =a must all lie entirely within 
the circle defined by (1) and (A). 

The circle thus defined has for its equation 

a? + 2xy cos w + y” — 2a? (x + y cos w)/,/ (a? + b*) +a? —b? =0 ; 
it meets the envelope (3) where 
6? — 7? sin? w =6?, 
that is, where y =0, and so lies entirely within its envelope. 

It thus follows that there is an infinity of circles of the system (1) 
which have no real point in common with their envelope (3). The 
foci of the conic envelope (3) are the points of intersection of the 
z-axis with the given conic. Each of the infinity of circles defined 
above, including the two point-circles, has imaginary double con- 
tact with its envelope. From the point of view of pure geometry, 
these results seem a little disconcerting. E. P. Lewis. 
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1362. Simplifications. 

It is perhaps unfortunate for examiners that not only can a 
particular case in mathematics always be deduced from the general 
case, but the general case can also very frequently be deduced from 
the particular. 

For the intercept theorem, if in the figure 4B=BC is given and 


al \P 
Pen 


Cc R 
1 











Fig. 1. 


PQ=QR is to be proved, then, joining CP, the latest proof reads: 
Since a parallel to the base of a triangle through the mid-point 
of one side bisects the other, then 
since AB=BC, therefore CS=SP, 
since CS+SP, therefore PQ=QR. 


This is so easy that it is likely to establish itself and we shall find 
examiners trying to block it by writing, “if you assume the special 
case where the two transversals meet on one of the parallels you 
must prove it first’. Thus in compensation, as proofs get shorter, 
questions get longer. The older generation may like to note that 
if the transversals in the figure are duplicated we are back to Euclid 
I. 36. ‘‘ Euclidem furca expellas, tamen usque recurrit ”’. 

Simplifications made by textbook writers are however less daring 
than those made by examinees. Here are some specimens with the 
sentences in [ ] by the commentator. 

“ Given AB. AN =12, prove AB=,/8.” 








Cc 
5 
3 
7 
A B N 
Fig. 2. 


[Bother the rectangle ; take CV =3 and use Apollonius]. 
5? + 32 =2. 4A B*+2.3* gives the result. 


( 





tri 


en 


dor 
the 
ber 


one 
nul 





a 


il 


d 
a] 


ut 
id 


ig 


1e 











MATHEMATICAL NOTES 205 


“Given AB=8, BC =5, CA =6, the triangle (AP similar to the 
triangle BAC, find the ratio of the perpendiculars PX, PY.” 











It turns out that AP =4}. 
[The perpendiculars look parallel to the sides.] 
By parallels, PX =3% of 5, PY =7% of 6; so the ratio is 
9x5 B 16 15 
16 “7x6 14° 
“Using the hedge of a field, 70 yards of fencing is to make an 
enclosure of length 22; find its maximum area, as x varies.” 








bp ossenecced 





Fia. 4, 


This involved finding a formula, drawing a graph and reading a 
maximum ; altogether a fairly elaborate question, but here is one 
solution. 

[As I don’t know the breadth, I call it 2.] 
Perimeter =70+2a and also =%+2%+2z. 
Thus 42 =70 and x =17°5; 
therefore area = 17-5 x 35 =612-5. 0 0: Peay. 


1363. How unlikely. 


Two shuffled packs of playing cards are placed side by side, face 
downwards. Two cards, one from each pack, are drawn repeatedly, 
no card being replaced. To find the chance that at the same draw 
the two cards are of the same suit and same denomination. 

The problem is equivalent to finding the chance that if 52 num- 
bered objects are placed at random in 52 numbered holes, at least 
one object is in its right hole, that is, hole and object have the same 
number. The solution is very simple, but the result rather un- 
expected. 
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Consider the case of n holes and n objects. Let p, be the number 
of arrangements in which none of the n objects is in its right hole. 
Then the number of arrangements in which r and only r objects 
out of n are in their right holes is "C, . p,_,. 


n 
Hence 2 "C, . Pa-p =2! — Dn; 
r=1 
n 
or 2 °C, . Dap =I. 
r=0 


Denote the left-hand side by a,, and consider 


n 
A me " "C, + Uy, 
where a, stands for 1. 7 
Now %C,-"C,.*C,1+"C, ."*C,_,-... +(-)*"C" 
="C,{1 - °C, +°C, ... +(-)*} 


=*C,(1 -1)*=0. 

n 
Thus 2 (—)° *C, . Qn_, =D. 

r=0 

n n 

But a,=n! and 2(-)'"C,.(n-r)!= 2(-)*nl/ri. 

r=6 r=0 

a ye _)* 

Thus Pn=n! {anata + Sp} 


and so the probability required is 1 — p,/n! =1 —e-! approximately. 
with an error of less than 1/(n +1)!. 

When n =52, the chance is therefore 1 —e—! with an error of less 
than 1/53! ; the chance is roughly 17/27. R. L. G. 


1364. Ways and means. 

Towns A and B are at opposite vertices of a square S. A network 
of roads divides S into n* equal sub-squares, of unit side, each side 
of S being a road. To find the number of paths, from A to B, of 
length 2n. Let l be one side of S which goes through A ; n +1 roads 
lead off 1; suppose these roads are numbered from 1 ton+1. Let 
x, be the distance travelled along the rth road in a journey from 
A to B, x,=0 denoting that the rth road is not taken. Then the 
number of paths of length 2n is the number of solutions in non- 
negative integers of the equation 


oat + Xt eee + 2ni1 =n. 


This is the same as the number of ways of choosing n out of 2n 
objects (for if we choose n out of 2n we leave n divided into n +1 
groups, some of which may be empty). Thus the number of paths 
is *C,,. R. L. G. 
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1365. A family of infinite series. 
Silberstein * has summed the series z oni by forming a differ- 
ential equation and initial conditions of which it is the solution. 
The same method may be applied to the more general series 


«o amin 


v=o (mM +vn)! : 
where m and n are positive integers and 0<m<n. 

The method given below is equivalent to solving Silberstein’s 
differential equation by using the Laplace Transformation. 

Multiply S+by e-**, p>1, and integrate with respect to x from 
0 too. Term by term integration of the series is justified ¢, and 
thus we obtain 

[ e-**S dz -[- ee YF _—_ tg Ym 
0 0 v=o(m+vn)!—y=0 

43 | ied l 
— p” om: 1 ? p> 

1 2=1 e—2misa/n 
“7m s=op — e%ntin’ 


since the roots of p" —1 are e*#7/", s=0, 1,...,n-1. But 


1 
—pr dx = 
guar or 


has for its solution y =e**, when p>R(«). Thus 





]*—1 237 . 23sr 2msr 
S=- £ exp {zx cos — +i| x sin — -—— |}. 
” s=0 n n n 
If n is even, say 2r, 
-1 
s-! cosh x +4 "E et e08sn/r cog E sin seg: 
r ont ae 
If n is odd, say 2r +1, 


r 2ms 
1 xz : Py ex cos 28s7/(2r+1) cos E sin 28m ws 


aie F5 te *S7¥<. Qr+1 Qr+1)° 





@ — v y~m+yn 
Clearly the series 2 Te 
ca) amten v=0 (m sf vn) - 
2 'C, ———.. may be dealt with in the same way. J.C. JAEGER. 
=o ° (m+vn)! 

1366. Medial section and logarithms. (Second Geometry Report,. 

p. 105.) 
For practical purposes this extremely ingenious method is more 


* Phil. Mag., 25 (1938), 1003. 
t Carslaw, Fourier Series and Integrals, 3rd ed., p. 177, Theorem IT. 


and cases of the more general 
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easily handled as follows. If we begin with the larger medial 
section as unity, the whole line is given by the construction in 
Fig. 1. If we work on paper marked in quarter-inch squares, and 





















A Xx B 





Fie. 1. 


take AX =2 inches, we shall find that AB =3} inches, as far as the 
eye can see, so that AB/AX =A=13. Then the formula 
A* =A"-1 a An-2 
gives in succession 
A727 =28, 45 =44, A*=6%, A°=114, AP=18. 


In fact A® =9 + 4,/5 = 17-9444, so that 18 is less than one-third per 
cent. out. 
Still using only ruler and compasses we can interpolate some 


more values. In Fig. 2, A* is got by drawing the tangent from A to 





A x 8 A’ 
Fie. 2. 


the circle on XB as diameter, and since XB=A-1=1/A, we get 
1/A* by producing AX to A’ so that A’X=AX and drawing the 
tangent from X to the circle on BA’ as diameter. The measure- 
ments can be estimated respectively as 2+4+ 75 and 1+4+34 
inches, so that \* =1-28 and 1/A*=-78. Then * =)* +1/A* =2-06, 
# 3-34, X¥ =5-40, AF =8-74. 

To illustrate common logarithms we need not continue the graph 
beyond 4°, and this is shown in Fig. 3. From it we see that 


log, 10 =43, log,4=2%, log,9=44+7%, say. 
Hence log;)2=-3, logy) 3 =-5. 
Further, if we alter the readings of the x-axis so that 
4,5; inches = three, 


17% inches=one, 2% inches =two, 








or 
or ( 
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3 4 


Fie. 3. 
we have got the graph of 2* and can check that 2? =4 and 2? =8. 


N. M. Grssrs. 
1367. On Note 1290. 


A correspondent writes : This is one of a group of similar theorems 
concerning pairs of factors of all numbers not divisible by 2 and 3. 
If such a number JN is the product of two factors z and y, then 

(a) if N +1 is divisible by 24, | ; 
or (b) if N +1 is divisible by 12 and not by 24, the Sp gpe is true 
or (c) if N +1 is divisible by 6 and not by 12, ere 

(d) if N —1 is divisible by 24, 
or (e) if N —1 is divisible by 12 and not by 24, |the “prene is true 
or (f) if N —1 is divisible by 6 and not by 12, ici 

Every number N comes into one of these classes. In (d) it is 
possible that NW is a square number, and then xz —y may be zero. 

1368. On a certain class of arithmetical problems. 

If the numbers 1, 2, 3, 4, 5, 6, be divided by 7, certain well known 
pure circulating decimals are obtained, of which the digits are found 
to be in the same cyclic order. If in the number corresponding to 
4, viz. 142857, the last digit 7 is brought to the extreme left, another 
number 714285 is obtained, which is five times the original number. 
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This leads us to consider the general problem: to find a number 
which is such that the transference of the last digit to the left of 
the first produces a number 7 times the original number, n being 
any integer from 2 to 9. 

Suppose the required number to consist of the digits a,, @, ds, ..., 
Am, tm, in succession beginning from the left. By hypothesis, the 
number made up of the digits a,,, @,, @», ... , Gm, from left to right 
is n times the previous number. Putting a decimal point before 
each of the numbers and making all the digits recur in each, suppose 
the circulating decimals z and y are obtained. We have then 


B= "Bs AgAy ... Oy _1 Bq, 
Y =" AMZ «.. Bm—1- 
Hence 10Y =4,,°4,2y ... By =A +2. 
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an 
But, as y=nz, we have ==Ton -1° 

Thus z is a pure circulating decimal which when converted into a 
vulgar fraction has 10n —1 for denominator. As the first digit in x 
cannot be zero, 10a,,>10n —1 or a,, can have only the values n to 9. 
Thus the number of solutions corresponding to a given value of n 
is 10-—n. 

As an illustration of the foregoing method, let us try to find an 
integer whose last digit being brought to the extreme left gives an 
integer which is four times the original one. Here n =4, 10n -1 =39, 
a, =4, 5, 6,7, 8,9. Converting #5, 35, 3s, 30, #5, x into circulating 
decimals, we get all the six possible solutions of the problem, viz 
102564, 128205, 153846, 179487, 205128, 230769. 

All such problems admit of an alternative solution in the follow- 
ing manner without any reference to circulating decimals. The 
rule is to take a,, equal to any integer from 7 to 9 and to continue 
the division by n, putting after the dividend the digit obtained in 
the quotient until we arrive at a stage where the remainder is zero, 
and the last digit in the quotient comes out as a,,, which has been 
taken as the first digit in the dividend. The method will be suffi- 
ciently illustrated by considering the case n=7. Then 9>a,,>7. 
Let us take a,, =7. 

7 ) 7,101449275362318840579 


1,014492753623188405797 


The first digit in the quotient is 1. This is put after 7 in the dividend. 
Then dividing 71 by 7 the next digit in the quotient is zero. This 
zero is then put after 71 in the dividend, and thereafter 710 is 
divided by 7, with the result that we get 1 as the third digit in the 
quotient. The operation is continued till a zero remainder is 
obtained and the last digit in the quotient is 7, which is the value 
of a,,. The quotient is the required number, which is evolved digit 
after digit as in the operation of extraction of square and cube 
roots. N. CHATTERJI. 
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MATHEMATICAL NOTES 


1369. To prove that 4 sin 18° cos 36° = 1. 
In the figure 








Ka 
sin 18° =}a/b, cos 36° = $6/a. 
Multiply. D. C. Hosson (per A. R.). 


1370. Dodging Limits. 

Is it necessary to introduce the ideas and notation of limits into 
an elementary course of differential calculus? Here is a method of 
establishing the differential coefficient of x? which dispenses with 
them. It is assumed that the pupil knows his “ graph of a quadratic 
expression ” and his “ gradient of a straight line ”. 











Oo MeN M XxX 
Fria. 2 





Q’ PQ is an “ ordinary ” arc of a curve (Fig. 1). Show how chords 
radiating from P to the left are not so steep as the tangent 7” PT, 
while those to the right are steeper. An intuitive notion of a tangent 
is sufficient. Note that a line radiating from P whose gradient is 
ever so little steeper than that of the tangent must form “a chord 
“4 the right”. Illustrate the principle by various orientations of 
the arc. 

Now to Fig. 2, part of the curve y=2*, with ON =NP=1 and 
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NM =NM’ =h(>0). The gradients of chords PQ, PQ’ are 2+h. 
“ Chords to the right ” exhaust all gradients above 2. “ Chords to 
the left ” exhaust all below 2. Show how the chords sweep round 
P taking up all these slopes. Imagine a line through P with gradient 
2. It cannot be a chord to the right or left. It must be the tangent 
at P. Its gradient could be obtained at once by putting h=0 in 
the chord-formula 2+. Why? Because all other values of h give 
the gradients of chords. 

Finally, read («, «?) for (1, 1) and fearlessly put 4=0 in the 
chord-formula 2a+h. Then the required gradient of y =z? at («, «*) 
is 2a. 

The extension to az*?+bz+c presents nothing novel in the dia- 
gram, and the pupil does not hesitate to make h zero in 2a«+b+ah. 
The flying cricket-ball, the swelling soap-bubble, and the economical 
window are now his playthings, not to mention the bending of 
beams or the parametric possibilities of the parabola. The use of 
limits at this early stage tends to induce mental strabismus—the 
pupil has one eye on a chord pivoting dubiously into a tangential 
position ‘‘as Q—>P”’, the other on “2+h—-2 as h>0”. Time 
enough for these arrows when he is confronted with bigger game—the 
ponderous product and the tricky transcendentals. 

Later on one can examine the limitations of the primitive method 
when applied to less tractable problems. For y=z* the chord- 
formula is 3«?+h(h+3a«). Suppose a>0, then chords to the left 
have gradients < 3«*, but only for 0<h<3a. When h =3a we obtain 
a chord with gradient 3a”. In fact the tangent at («, «%) is also a 
secant at (—2a, —8a°) for this more sophisticated curve. A similar 
complication arises with y=1/z. Chords from, say, (1, 1) to points 
on the same branch exhaust all negative gradients except -1. 
Those drawn to the other branch are extraneous to the argument, 
and account for all the positive gradients. The moral is that we 
need only exhaust a limited range of gradients, as in Fig. 1. Of 
course, such restrictions of the arc lead logically to the method of 
limits as a means of eliminating complications. 

The application to y=2* is interesting. The form of the curve 
suggests that the analysis used for y =z? should need little modifi- 
eation. And this is so. The gradient of any chord to the left 
from («, a) is given by 4«3 —h(h? —4ah + 6a?) which is <4«° for all 
real values of the symbols, as h>0. V. P. Ketty. 


1371. A query. 
The following question was set in an Oxford scholarship paper in 
subsidiary mathematics (Natural Science, Balliol etc., December 1937). 
“Tf at + Say + 10z*y* + Say? + y* =16, find d*y/dz*.” 


Can some reader suggest a solution which a candidate taking 
subsidiary mathematics might be expected to think of and do in a 
reasonable time ? 
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1372. A challenge. 


The right-angled triangle with sides 99, 168, 195 is remarkable 
for the fact that each of its sides is one less than a perfect square. 
Can two other rational right-angled triangles be found whose sides 
have this property? The proposer can find only one other. 

J. TRAVERS. 
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1373. On Note 1335. 


The “ moral” in the last line seems somewhat obscurely related 
to the problem. We start with 


la +my +nz=0 
as one of our equations: we arrive at a result of the form 
(la + my + nz) (La +My + Nz) =0. 


This is of course true, whatever L, M, N may be, as the vanishing 
of a factor secures the vanishing of the product. But, even with 
the special values of L, M, N the “ new equation ” 


ITa+My+Nz=0 


is entirely irrelevant, and we are where we were at the start! The 
primary moral is that, if we manipulate equations by the light of 
nature, we are always in danger of introducing irrelevant factors in 
the process. [lx =my leads to l?x* =m*y* ; but we have introduced 
the irrelevant alternative lx +my=0.] It may be of some interest 
to see how the irrelevant factor has been introduced, but it has 
nothing to do with the true eliminant. Percy J. HeEawoop. 


[Similar comments have been received from G. Braithwaite, 
A. G. Hull, L. Rosenhead, B. Spain.—Ed.] 


1374. An A.R.P. problem. 

The solution of the problem in cartophily discussed by Dr. F. G. 
Maunsell in the October Gazette can be deduced by the following 
reasoning. When r different cards out of a set of m have been 
obtained, the probability of obtaining other than a duplicate is 
(n-r)/n. It may therefore be expected that the average number of 
packets to be bought before the (r+1)th card is obtained would 
be n/(n-—r). The total number of packets it is necessary to buy 
is then a. % 1 

nN (1 t5tgt--+2). 
Dr. Maunsell’s function is identical with this expression. The 
simple reasoning was given by Dudeney some years ago in the 
Strand magazine ; but it can scarcely be regarded as a satisfactory 
proof. 

A somewhat similar problem has recently arisen in connection 
with A.R.P. If n bombs are dropped indiscriminately over an area 
N units in extent, of which # units are vulnerable, what is the most 
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probable number of hits? Here again it may be argued simply that 
the chance of any one target being hit is 


1-5) 


and therefore that the most probable number of hits is 


N- Sy 
R { ¥ ( ae \. 

This result is correct ; but again the simple reasoning is not a satis- 
factory proof. 

The probability P, that r and only r targets will be hit is 
P, =(rC,/N*){(N —R +r)" —,C,(N —R+r-1)"+...4,C,(N — R)"}. 
This result follows from the similar result in the cigarette card 
problem, except that in this case, since the r units are not specified, 
the factor pC, must be included. 

By expansion 


a = (rC,/N") nCn—e(NV w ay {rs si Ci (r be ay... = 2 Leakt 


ed 


J 


=(nC,/N") MS aib allo’ £) (x @e-1r] 


The most probable number of hits is then 


pte RC; ("5 -"s > W- Col (# z) ey", 


: -(a) ra [( =) Ps Ren sCrate-W| 


0 


=) Yavcapl (eae) Be-ve | 
‘ (G) Sar pe RP—(R-1)*} 


a(-5-) (0-x-e) -O-3a)} 
-r{1-(7+ "}. 


In the A.R.P. problem it would be of more practical value to 
determine a number such that there were some predetermined odds 
against any greater number of hits. The probability that the 
number of hits should not exceed r where r( < R) is arbitrarily 
determined, is 


Cx) Sav mpl (a) Seer], 
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but this expression seems to be incapable of any real simplification. 


The function d\s 
(ea) @-" | 


which is identical with the function rC (s, r) defined by Dr. Maunsell, 

has interesting properties. If s <r, its value is zero; if s=r, its 

value is r!; if s> r, its value is the sum of all possible expressions 

of the form 1+. 2° .3”...r¢, under the conditions 
at+Bt+y+...+w=s, 

where a, B, y,...w each > 1. H. L. Cox. 


1375, The vector triple product. 

The following proof has been sent by Mr. F. M. Goldner and by 
Dr. D. E. Rutherford, the two versions differing only in some points 
of detail. 

As in the article by Professors Chapman and Milne, Gazette, 
XXIII, p. 35 (February 1939), we have 

aa(bac) =A[(a.c)b—(a.b) cl], 
where A is a scalar which may depend on a, b, c. 
Thus ba(bac) =y[(b.c)b—(b.b)c], 
where y is a scalar. 
Hence -—-—(bac).(bac)=c.ba(bac) 

=y[(b.c)(c.b) —(b.b)(c.c)]. 
It follows that 
— b*c?sin?6 = y[b*c? cos? 6 — b*c?], 

so that y=1 and 

ba(bac)=(b.c)b—(b.b)c. 


Now aa(bac) =A[(a.c)b—(a.b)c], 
so b.aa(bac) =A[(a.c)(b.b) —(a.b)(b.c) ]. 
Also b.aa(bac) = —a. ba(bac) 


= -—a.[(b.c)b-(b.b)c] 
=(b.b)(a.c)—(a.b)(b.c). 
Hence A=1 and 
aa(bac) =(a.c)b—(a.b)c. 


1376. A logical point in dynamics. 

University Entrance Scholarships and Intermediate Examination 
papers contain many variations on the old theme: “Given the 
maximum acceleration and retardation of a moving point, find the 
least time in which a stated distance can be described from rest 
to rest ”’. 

If we assume that the least time is given by maximum acceleration 
followed by maximum retardation, then the problem is quite trivial, 
and if it is intended that this assumption be made, the question 
should ask simply : 
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Find the time of describing a certain distance from rest to rest 
if the motion is first constantly accelerated and then constantly 
retarded. There is no reason to pretend to ask for more than this, 
for the proof of theassumption is well beyond Intermediate standard. 
The problem may be stated thus: Given three positive numbers 
fi, fg and A and a function v(t) satisfying the conditions 


-fe<3-<f,, v(0)=v(z)=0 and [‘oat=a, 
0 
to determine the function v(t), so that z isa minimum. We suppose 


that dv/dt has at most a finite number of points of discontinuity. 
Let t, and t, be the positive solutions of the pair of equations ; 


Sith =Sete, Siti? +foto? =2A. 
ty thtte ty te 
Then ih feat |" falls tat) dt = [ feats [" fot dt = 


Since - <f, and v(0)=0, we have v(t) -\a4< <fit, and 


since ies —f, and v(z)=0, we have 


-o)=[° fe ~(e-t)f,, 
and so v(t)<(x-t)fp. 


Let 
Then 


zx ty ti +t ty 
| vdt=A=| fitde+[ falls +t-0at > [ fitdt+["fale-tae 
0 0 ty 0 th 


the only case of equality being x =t, +t. 


ty Ef 
But f vdt=| vdt+| v dt, 
0 0 4 
ty 
and so | (fit - oats | {fo(z -—t) —v} dt <0. 
0 


Since the integrands are non-negative, it follows that both 
integrals are zero, and therefore 
t=t,+t,, v=fyt when 0<t<t,, v=f,t when t, <t<t, +b. 


R.. Lb. Gooneram, 


1S e Sb, +h. 


~ 





"1269. All the “* propadeutic studies ” “outlined in “Book vil of Plato’s 
Republic as a fitting preparation for that Dialectic which leads to appre- 
hension of the Idea of Good, are mathematical; and the schematisation of 
Ideas to which the whole process points has many of the characteristics of a 
geometrical pattern.—William Temple, Nature, Man and God. [Per Mr. A. F. 
Mackenzie. } 
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CORRESPONDENCE 


CORRESPONDENCE, 
THE ASSES’ BRIDGE. 


To the Editor of the Mathematical Gazette. 


Dear Str,—Didasculus in the December Gazette (XXII, p. 487) asks the 
following question: Given two triangles in a plane which are indirectly 
congruent, is it possible to split them up into parts so that each part of one 
triangle is directly congruent to the corresponding part of the other ? 

That the answer is “‘ Yes”’ is seen by putting together the facts: (i) two 
congruent isosceles triangles are both directly and indirectly congruent ; (ii) 
a right-angled triangle can be split into two isosceles triangles; (iii) any 
triangle can be split into two right-angled triangles. 

This argument holds for euclidean geometry only. To see the same thing 
for elliptic geometry or on a sphere, we note that if the circumcentre of a 
triangle be joined to the vertices we have, in general, three isosceles triangles. 
Thus if the circumcentre is inside the triangle or on a side, the proof can be 
finished ; if it lies outside the triangle, split the triangle up into right-angled 
triangles and use the fact that the circumcentre of a right-angled triangle now 
lies within it, since the angle-sum of a triangle is now greater than two right 
angles. 

But in hyperbolic geometry, unless the circumcentre lies inside the triangle, 
our methods so far fail, since the circumcentre of a right-angled triangle lies 
outside it, if it exists. We now invoke the incentre I ; let P, Q, R be the feet 
of the perpendiculars from J to the sides; joining the points J, P, Q, R we 
have the dissection needed. This last method holds in all three geometries 
for all cases. 

The other question raised by Didasculus, whether in this way the con- 
gruence axioms could be replaced by axioms involving direct congruence only, 
is much deeper. If the isosceles triangle theorem is used, as above, nothing 
is gained ; for it is easy to see that the full congruence axioms imply this 
theorem, while that theorem with the restricted congruence axioms gives the 
full axioms. What can be done, and what cannot be done, with the restricted 
axioms, has engaged the attention of Hilbert and his disciples. 


Yours truly, H. G. ForpeEr. 


REFERENCE FOR SIMILAR TRIANGLES. 
To the Editor of the Mathematical Gazette. 


Str,—I think many teachers will agree with Mr. Siddons in. his contention, 
in the February Gazette, that when quoting a reference such as SAS it is 
unnecessary to differentiate it according as it is being used for congruence or 
for similarity. But, still in the cause of simplicity, may I ask Mr. Siddons 
why, in quoting the equiangular reference for similarity, he prefers AAA 
to AA? 

Probably there will be a widespread welcome for his suggestion that some 
accepted symbol for “ is similar to ” would now be useful. From the time of 
Leibniz onwards, various attempts have, of course, been made to introduce 
such a symbol. An account of the chief proposals in this direction is given in 
Cajori’s History of Mathematical Notations. According to Cajori, Leibniz, in 
1679, invented ~ or m for the purpose, because “the sign is the letter S (first 
letter in similis) placed horizontally’. But it would seem that the example 
of Leibniz did not commend itself to his successors and, at any rate in this 
P 
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” 


Neverthe- 
less, I suggest that ~ would be a suitable symbol for “ is similar to ”’. 
So that, while for congruence we write 


country, the symbol ~ has become identified with “ difference 


ARST = AXYZ_ (SAS) 
for similarity, as a natural development, we should write 
ARST = AXYZ. (SAS). 


Yours truly, R. J. Funrorp. 


To the Editor of the Mathematical Gazette. 
Str,—In Vol. XXIII of the Gazette, on p. 94, there appears a letter from 


Mr. A. W. Siddons in which he states that some accepted symbol for “ is 
similar to’ would be very useful. 

I note that he uses ‘“ = ” to denote congruence and it may be of some 
interest to your readers that I always use that same symbol for congruence, 
and for my own private purposes (as, for example, for writing out proofs of 
geometrical questions when marking school examination papers) I always 
use “‘ ~” as my symbol for similarity. In higher mathematical work there 
is another meaning for this symbol, to which Professor Hardy gives the 
amusing name “ twiddles”’, but I do not think that schoolboys would be 
likely to meet with the symbol in any other connection than for denoting 
‘ similarity ” if it were generally adopted for that purpose. 


Yours truly ‘ 
Yours truly, E. G. Puttures. 


To the Editor of the Mathematical Gazette. 


Str,—Mr. Siddons in his letter (p. 94) on similarity has once again given a 
lead to teachers of geometry by striking just the right note. His suggestions 
for references to cases of similarity ought to be widely adopted. He said that 
some accepted symbol for “ is similar to” would be very useful, and I make 
a suggestion which I hope will meet the case. It is as follows : 

AABC m ADEF. 
This should be read “ AABC is similar to ADEF”. The symbol @ is 
derived from an §, the initial letter of *‘ similarity’. I have tried an upright 
S, but the statement is then not at all easy to read, especially if hurriedly 
written. It looks like seven or eight letters one after the other and would be 
particularly confusing if one of the vertices were lettered S. In German 
textbooks the symbol used is ~, which we use to stand for “ the difference 
between”. S is not, however, the initial letter of the German word for 
similarity. The German symbol for congruency is ~, which is equivalent 
to “is similar and equal to”. Yours truly, S. Inmay. 








1270. On my slow and devious way to be a writer, I studied the cosine at 
a crammer’s and stood for Parliament.—Lord Dunsany, Patches of Sunlight, 
p. 1. [Per Mr. A. P. Rollett.] 

1271. I think of recent mathematical research ; even the ignorant can com- 
pare it with that of Newton—so plainly of the 19th Phase—with its objective 
world intelligible to intellect ; I can recognise that the limit itself has become 
a new dimension, that this ever-hidden thing which makes us fold our hands 
has begun to press down upon multitudes.—William Butler Yeats, A Vision, 
New York, 1938, p. 300. [Per Mr. E. S. Pondiczery.]} 
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REVIEWS 


Modern Developments in Fluid Dynamics. Edited by S. Goxpstery. 
Two volumes. Pp. xxiv, 702, with 256 figures and 35 plates. 50s. 1938. 
(Oxford) 

The immense debt which the science of Hydrodynamics owes to Sir Horace 
Lamb can hardly be overestimated by workers in that field. It is only in the 
penultimate chapter of his classical volume on fluid motion that the real 
problems of the present day are approached and of this chapter only a few 
pages are devoted to turbulence. It will therefore come as no surprise to learn 
from the Preface that the present work owes its inception to Lamb’s sugges- 
tion ; indeed he was at first the general editor. This arduous office of general 
editorship was later entrusted to Dr. 8S. Goldstein, who is to be congratulated 
on the ability with which he has performed the task of producing these hand- 
some volumes which form a composite work composed by the Fluid Motion 
Panel of the Aeronautical Research Committee and others. That the task of 
editing can have been no sinecure is evident from the number of collaborators, 
the variety of the subject-matter, and the extent of the work. 

To judge a book of this kind and to assign it a place in the hierarchy of 
similar treatises, it is only fair to take into consideration not what the reviewer 
would like to have seen, but what the avowed intention of the authors may be. 
This is clearly set out in the Preface as follows: “It makes no attempt to 
provide an exhaustive account of all modern advances in hydrodynamics, but 
only to present and summarise methods of experiment and development of 
theory in certain branches of hydrodynamics of special interest to aero- 
nautical science. The book does not deal with the potential flow of inviscid 
fluids or with the trailing vortex theory of aerofoils, except to summarise the 
results of work recorded in other books, nor does it discuss problems of com- 
pressibility which have recently become of practical interest to aeronautics. 
On the other hand, the book is concerned with the laminar and turbulent flow 
of viscous fluids, particularly near and at the surfaces of solids and in wakes, 
and with transfer of heat in laminar and turbulent flow. Modern theories of 
such flow are fully discussed; exact mathematical solutions of particular 
types of flow are given, when possible, and approximate methods for the 
solution of more general cases are developed. The experimental results and 
illustrations of theory are naturally mainly of aerodynamic interest, but 
technical applications are avoided.” 

As far as works in English are concerned, it would on the above showing be 
proper to regard the present work as completing a trinity whose other two 
members are “‘ Aerodynamic Theory ”’, edited by W. F. Durand, and Bulletin 
No. 84 of the National Research Council, “‘ Report of the Committee on Hydro- 
dynamics,” edited by H. Bateman; for the former devotes six volumes to a 
thorough study of fluid motion in its application to flight, and the latter gives 
500 pages to the study of viscous liquids and turbulence, and a further 100 
pages to the motion of compressible fluids. 

The present book consists of fifteen chapters of which II and IV are devoted 
to a physical and mathematical description of the boundary layer, V to 
turbulence and VI to experimental apparatus. These chapters form the basis 
of the accounts of flow in pipes and channels (VII and VIII); flow past 
symmetrical and asymmetrical cylinders and solids of revolution (IX, X, XI) ; 
boundary layer control and wakes (XII and XIII). In XIV and XV the 
problem of heat transfer in laminar and turbulent flow is discussed. The book 
is to be praised for the numerous excellent physical descriptions, the free use 
of diagrams, and the beauty of the photographic illustrations of actual flow 
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patterns. Of these one of the most remarkable is the vortex trail depicted in 
Plate 1. The writers are always careful to state the speed and length which 
define the particular Reynolds number quoted, a feature which should be 
generally imitated. 

But reviewers often feel impelled to mix praise with censure, some have 
even been known faute de mieux to attack the footnotes and the index. In 
the present case no such opportunity leaps to the eye. There are, however, 
two relevant matters of which some account might have been expected. The 
first of these is Dubuat’s paradox, that the drag coefficient measured when a 
disc is fixed in a current of speed V is about 30 per cent. greater than the 
coefficient measured when the disc moves with speed V in the same fluid 
otherwise at rest. The elucidation of this result, which was considered 
experimentally and theoretically by Joukowski, is of such importance in con- 
nection with the application of wind-tunnel experiments that some mention of 
it would have been welcome. Again in chapter VI where smoke methods are 
described there is no account of the recent technique of J. Valensi which leads 
not only to qualitative but also to quantitative descriptions of flow. 

A perusal of this work gives rise to certain reflections on (1) the tentative 
nature of the mathematical description ; (2) the dependence of calculation 
upon experimental data ; (3) the wholesale recourse to approximations. This 
is of course in no sense the fault of authorship, but it points the moral that we 
are only on the outskirts of the proper mathematical formulation of the 
problems here discussed. In sharp contrast with the theory of the motion of 
an inviscid liquid, the mathematical description of which is in a sense com- 
plete, the theory of viscous liquids has yielded but little to purely mathe- 
matical attack. One is tempted to look for a more deep-seated cause than 
mere lack of analytical weapons with which to press the offensive. Thus 
the determination of the conditions which govern the transition from laminar 
to turbulent flow, one of the major problems, will probably find its solution 
only when the continuous medium hypothesis is abandoned and the essentially 
discrete character of a real fluid is taken into account. 

Nevertheless this work renders a great service by placing in the hands of 
research workers an up-to-date account of the position of boundary layer and 
turbulence theory. To be satisfactory the ultimate outcome of physical re- 
search must find its expression in a consistent mathematical theory. This 
book should be regarded as a successful first approximation to an attempt 
to reach that goal. L. M. M.-T. 


The Theory of Group Representations. By F. D. Murnaauan. Pp. 
xi, 369. 22s. 6d. 1938. (The Johns Hopkins Press, Baltimore ; Humphrey 
Milford) 


This well-printed work deals with the representations of groups by means of 
matrices and the determination of the irreducible representations by means 
of the group characters amongst which exist certain relations of orthogonality. 
The subject is capable of application to a very wide range of mathematics, 
including the theories of invariance ; of integral equations; of reciprocal 
functions and of topology. The author has considered it with special reference 
to possible applications to nuclear physics. It is regrettable that he had to 
stop short at that point and that a chapter on the applications themselves 
could not be included owing to lack of space. 

Great care has been taken to make this somewhat difficult subject easy to 
understand, and the reader who wishes to consider other applications of it or 
to study the more general problems of representation will find this work an 
excellent introduction. The first half of the book is an explanation of the 
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general ideas and theorems about the matrix representations of groups, of 
irreducibility and group characters, followed by a very detailed discussion of 
the symmetric and alternating groups. Tables are given of the group char- 
acters of the symmetric groups of degrees < 8 ; of the analyses of the reducible 
representations of these groups in terms of the irreducible representations 
and also tables of the direct products of irreducible representations. For the 
construction of such tables the author has developed new and simple methods 
of calculation which are applicable to groups of much higher degree ; neverthe- 
less much still remains to be done in cases where the group order, n, is a very 
high special or general n. 

The second half of the book deals principally with the continuous represent- 
ations of linear groups and gives an excellent account of the algebra of group 
integration, a subject which is not very accessible in English. In view of their 
special significance in physics a detailed analysis is given of the orthogonal 
group and of the group of rotations, the mode of treatment being that of Schur. 
This part of the book includes also a very clear account of the recent work of 
Weyl and R. Baer on the spin representations of the rotation groups. The 
final two chapters are also of interest to physicists, viz. one on the groups of 
crystallography, which are also now becoming of great importance in metal- 
lurgy, and the other on the Lorentz group, including the Einstein theory of 
semi-vectors. 

Some readers may regret the almost complete absence of references through- 
out the text, a deficiency partly filled by the bibliography at the end. 

A. R. R. 


Research and Statistical Methodology Books and Reviews 1933-1938. 
Edited by Oscar Krisen Buros. Pp. viii, 100. $1.25. 1938. (Rutgers 
University Press, New Brunswick) 

Reprinted from The 1938 Mental Measurements Yearbook of the School of 
Education, Rutgers University, this book consists of a list of research and 
statistical methodology books in actuarial mathematics, agriculture, biology, 
business, economics, education, engineering, forestry, history, marketing, 
medicine, psychology, sociology and vital statistics. This list, quoted from 
the dust cover, is alone an eloquent testimony to the great number of branches 
of knowledge wherein statistical methods are found to be of use. The works 
have been published in many countries, and a number of reviews of each are 
quoted, not always in full, but in sufficient detail to give the reviewer’s im- 
pression of the book under examination. Many journals in the United States 
and the British Empire have been searched for reviews, and it is unlikely that 
any of importance have been missed. 

The work is carefully compiled, and well printed, and should form a useful 
work of reference to statisticians and others, who will be able to check from this 
book whether they have missed any important work on the subject published 
within the past five or six years. In view of the interest now being taken by 
the mathematical teacher in the subject of statistics, and the recommendations 
made from time to time that certain aspects of the teaching of this subject 
should find their way into the school curriculum, it may be said that here is an 
easy way for the teacher to become acquainted with recent books on the 
subject, and to appraise their value before purchase. 

The present reviewer has discovered, much to his astonishment, that he ap- 
pears to have reviewed more of the books listed than anyone else in the Index. 
If, therefore, his indirect contribution to the work may be taken to be a large 
enough sample to be representative of the whole, it can be said that the book 
has been prepared with thoroughness and accuracy, and the editor has been 
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fair both to writer and reviewer in the extracts he has made. Two slips have 
been noticed. The reference to B 659 in the Index under Wishart should read 
B 660, while the same reviewer’s notice under B 630 refers to a different 
publication, and has apparently got in here by mistake. J. W. 


The 1938 Mental Measurements Yearbook. Edited by O. K. Buros. Pp. 
xiv, 415. $3.00. 1938. (New Brunswick: Rutgers University Press) 

Mental test users everywhere welcomed the appearance in 1936 of a slim 
booklet published from the School of Education of Rutgers University listing 
the educational and psychological tests published since 1934. The following 
year this list was revised and brought up to date ; it was published in a small 
book which also contained a bibliography of books dealing with mental 
testing. A unique feature of this bibliography was that extracts from book 
reviews were published with each title. The 1938 Mental Measurements 
Yearbook is a much more ambitious sequel. The idea of supplying review 
digests has been extended to the section dealing with mental tests. Competent 
specialists have been engaged to write critical reviews of each test, and extracts 
of these together with extracts from published reviews are included under 
each title. The list of tests covers a surprisingly wide field, the reviews are 
candidly critical and, as far as can be judged by those tests known to this 
reviewer, scrupulously fair. A few of them appear to be unnecessarily dis- 
cursive. It would be an advantage if the reviews were presented in two 
sections ; the first section giving briefly, under suitable uniform headings, such 
essential facts as purpose of the test, its reliability, validity, standardisation, 
etc., and the second section giving the reviewers’ general criticism. 

Most of the tests have been prepared for Americans and would not be 
applicable without revision in this country. British tests are listed but in a 
number of instances without reviews. 

The book contains a section dealing with books on educational measure- 
ment, a section dealing with books on research and statistics and compre- 
hensive directories of both periodicals and publishers. C. E. Smrra, 


Le Matematiche nella Storia e nella Cultura: Lezioni pubblicate per 
cura di Attilio Frajese. By Freprrico Enriquss. Pp. 339. L.20. 1938. 
(Zanichelli, Bologna) 


Professor Enriques has brought his wide scholarship, his penetrating 
intelligence, and his customary charm of manner, to what is not quite, in the 
usual sense, a history of mathematics ; history is there, in plenty, but to a 
great extent in outline only ; and the historical development is broken off at 
the eighteenth century to make room for a longish digression, about a third of 
the book, on the relation of mathematics to other sciences, before returning to 
the modern development of various branches of analysis and geometry. It is 
this middle section which is perhaps the most valuable, especially the chapters 
on Mathematics and philosophy, What are mathematics?, and the Psychology 
of mathematics. It is not by accident that this latter chapter is the last of 
this section, as though to sum it up; the author is before all a man of humane 
comprehension, and his interest throughout is in the type of mental process 
of his characters, rather than in the precise results they have obtained. He has 
no patience with the view that different races tend to think in different ways, 
and sees rather in environment and the spirit of the age the source of the changes 
which in the large affect mathematical thought. As for the question, What 
are mathematics? he has no glib reply, though he shows himself (and leaves 
his reader) little satisfied with the view that they are a body of tautologies ; 
he compares them both to science and to art, without quite admitting them to 
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be either. This reticence is surely significant, for there can be few people now 
living better qualified than Professor Enriques to come to a conclusion ; and 
it is a tacit rebuke to the many, either mathematicians or philosophers, 
but rarely so complete a combination of the two, who find the answer 
obvious. 

For the rest, the historical sections give a fascinating general survey of the 
development of the study, especially in the last century, combined with bio- 
graphical and anecdotal matter, extremely readable, and covering as much 
ground as can be expected from its comparative brevity. The book is illus- 
trated with numerous portraits, amongst which, doubtless on account of their 
accessibility, Italians preponderate. Nearly every section has its bibliography, 
and there are two chapters on mathematical literature, and a comprehensive 
index of names ; in short, though pre-eminently a book for the general reader, 
it is clearly the work of a scholar. P. Du VAL. 


Frequency Curves and Correlation. By W. Pain ExprErtTon. 3rd 
edition. Pp. xi, 271. 12s. 6d. 1938. (Cambridge) 

The first edition of this work appeared in 1906, the second in 1927, both being 
published by C. & E. Layton. The second edition was reviewed in the Gazette, 
XIV, p. 314, and as the changes made in the present edition are slight, it is 
unnecessary to recapitulate in detail the contents of a work which is now 
considered to be a standard one. The rather long interval between the editions 
might cause surprise, but is probably due to the fact that it was originally 
written for and published by the Institute of Actuaries, hence there is a certain 
abruptness in the approach to the subject which may cause a little trouble to 
those without actuarial qualifications. However, the construction of a fre- 
quency curve which should pass through or near to a number of points is a 
definite problem, and a suitable curve can usually be found if sufficient trouble 
is taken. The method followed in the present work is that of moments, which 
was introduced by Karl Pearson in his papers ‘‘ On the Systematic Fitting of 
Curves’, Biometrica (Vols. I and II), where he states that he does not concern 
himself in these papers with the choice of a suitable curve, but only with the 
determination of the constants, when the form of the curve has been selected, 
and this he admits is the easier part of the task. The curves considered are * 
those which arise from the differential equation 

Y' (bo + b,x + byx*) =y (dp +442). 
This equation is given on page 43 of the work under review, but with the con- 
stants expressed in terms of the moments about the mean. 

Besides these curves, which are usually known as the Pearson curves, 
the Normal, Binomial and Poisson curves are also included, and in addition 
we are given the Makeham-Gompertz curve 


L,.=ks*(g)*. 
The method followed by Karl Pearson in calculating this life curve is inter- 
esting for its use of the hyperbolic sines and cosines, as this notation was intro- 


duced by Johann Heinrich Lambert, who gave an expression for the number 
living at any age: 





= 2 
sd 5 *) ~ 6176 {e-** — e-Pr}., 
The recent tables of e* composed by Holtappel would reduce the work in this 
case. 

The systematic arrangement in the present work is much to be admired, the 
constants for each curve being given on a separate page, and the numerical 
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illustrations are chosen so as to illustrate the closeness of fit that can be 
obtained in some cases. Wedonot, however, always come across such tractable 
data. The clearness of the type could not be surpassed, and we should like to 
see it used in some of the works which appear on the Continent, where the 
smallness of the type used for subscripts is a strain to the eyes, and conse- 
quently a hindrance to clear thinking. A short chapter is given to the com- 
parison of various systems of curves. Here we find a mention of the Gram- 
Charlier curves of Types A and B but no mention of C. These curves are more 
interesting to a mathematician than the Pearsonian curves, and they can be 
applied to almost any frequency distribution, provided sufficient terms are 
introduced, although there may be some difficulty in deciding the best order 
for the terms. The Pearson curves usually require the calculation of fewer 
constants than the Gram-Charlier series, but the latter make much use of the 
Hermite polynomials, for which useful tables have been produced (Brit. Assn. 
Mathematical Tables, Vol. I). These polynomials are important in statistical 
work and have numerous properties interesting to the mathematician. 
Besides these H polynomials we have the G@ polynomials. If we form the 
successive convergents of the continued fraction 


a 


Z-2-2z-2-”’ 


we have for the nth convergent H,, for the denominator and G,_, for the 
numerator. 

The chapters on Correlation give a clear but too short outline of the subject, 
which has led to more discussion and difference of opinion than any other. 
Tschuproff, in his lectures (Grundbegriffe und Grundprobleme der Korrela- 
tionstheorie), says that the Theory of Correlation, with Karl Pearson and his 
disciples, took, from its outset, mathematical forms which were a stumbling- 
block for the defenders of the old methods, resulting in a separation between 
statisticians which passed normal limits, the mathematician showing a 
tendency to reject as worthless the elementary methods of the non-mathe- 
matician. The non-mathematician on his side considered the mathematician’s 
. work as a useless and sterile play with figures. The biologists, however, should 
remember that it is no part of prudence to condemn what they do not under- 
stand. It is curious to note a prediction made by Karl Pearson in 1902. He 
says, ““ Twenty years hence our successors, working by improved methods and 
with better training, will no doubt reach fitter definitions and more exact 
values for vital coefficients. But of one thing I am sure: Biometric methods 
will not then have to justify themselves to a non-mathematical biological 
world. Mathematical knowledge will soon be as much a part of the biologist’s 
equipment as to-day of the physicist’s.” Thirty-seven years have now passed, 
and although much progress has been made it will probably be agreed that 
this prediction has not been fulfilled. If one feels tempted to predict, it is 
safer to leave the time unstated. 

Much work has been done by the Scandinavian and Russian mathematicians. 
Unfortunately, besides the language difficulty, we have to struggle with various 
notations such as that given by Tschuproff, where the notation, though 
logically sound, gives much distress to the reader, owing to the numerous 
subscripts; and in the appendix to his lectures it looks as though the day- 
dream of the statistician had become the nightmare of the mathematician and 
the hypernightmare of the compositor, and filled the biologist with admiration 
mingled with awe. The same notation appears in a paper on Correlation in the 
case of three variables written by Tschuproff and translated by Isserlis (Cam. 
Phil. Trans., 1928). So we experience no surprise when we come across a note 
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at the foot of a page, “ The discrepancy appears to be due to misprints ”’. 
In this notation B, is 7*\s/o/o} and Bz is 7|4Jo/o}- | The chapter on Probable Errors 
in the old edition is largely rewritten and is now on Standard Errors. These 
terms have become usual and must be accepted, although we should prefer 
the term Standard of Precision. The book is provided with an Index, but we 
have found it deficient, especially in names, thus—Gram, Charlier, Lidstone’s 
Z method. Thiel’s seminvariants are not found in the Index although they 
appear in the text. 

As in frequency curves, so in correlation, the author is more concerned in 
showing “ how” rather than in teaching ‘“‘ why”. He does make clear how the 
correlation coefficient is calculated, and does not enter into critical cases. 
The chapter on Partial Correlation only occupies four pages, so little could be 
expected on such an extensive subject. W. S. 


Cours de Démographie et de Statistique sanitaire. I. Introduction 
& l'étude des statistiques démographiques et sanitaires. Pp. 67. 15 fr. II. 
Méthodes d’élaboration des statistiques démographiques (Recensements, Etat 
civil, migrations). Pp. 110. 20 fr. By M. Huber. 1938. Actualités scienti- 
fiques et industrielles, 598, 599. (Hermann, Paris) 

In the first of these pamphlets we are presented with an introduction to the 
study of demography and health statistics. Here the author concerns him- 
self with the methods followed in counting the population, and extracting from 
the public registers information of the number of emigrants. After a useful 
historical sketch about early mortality tables, the author shows how the 
information has been treated by scientists without, however, entering into any 
mathematical calculations. He explains certain terms which are in constant 
use, such as mean, frequency curve, dispersion, deviation coefficient of corre- 
lation and others. 

In an appendix he gives an account of the use made of calculating machines 
for sorting and counting. In the second we find an account of the various alter- 
ations in the registration forms used at various times in the French census. 

Copies of various schedules to be filled in are given both for France and some 
other countries. The number of questions asked in some cases seems to be 
appalling, and knowing how distasteful filling up forms is to most people, it 
is probable that a large proportion of the answers will be unreliable. The 
longest form, forty heads of columns, is for Canada. 

In the census for China there would seem to be a good chance to escape the 
filling up of the form ; but M. Liu believes he can state that in 1928 the total 
population of China was between 405 and 476 millions. 

The work on the whole should be of interest to all who are interested in 
population questions. W. S. 


Statistical Theory of Errors. By W. Epwarps Demine and RaymMonpD 
T. Braz. Reprinted from Reviews of Modern Physics, July 1934, with addi- 
tional notes dated 1937. 35 cents. 1937. 


_ Lectures and Conferences on Mathematical Statistics. By J. Neyman. 
Revised and supplemented by the author with the editorial assistance of 
W. E. Deminc. Mimeographed, pp. 167. $1.25. 1938. (Graduate School, 
United States Department of Agriculture, Washington) 

The fact that both these publications come from the Graduate School of 
the United States Department of Agriculture, Washington, throws light on the 
ever closer unity of science. The reprint has caused some controversy in the 
Physical Society as to the nature of error theory applicable to an experimental 
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science like physics, as contrasted with that for observational science. The 
Lectures deal with probability and statistical logic ; the Conferences cover a 
wide range—field experiments, genetics, sampling in sociological investiga- 
tions, time series, econometric method, estimation and confidence intervals— 
and suggest vividly the variety of subjects now demanding, or wrestling with, 
a quantitative treatment. 

Yet there is some difficulty in determining from the style of presentation 
for whom these publications are intended. The contents of the physics 
reprint—specification of the parent population, distribution of properties of 
samples, estimation of probable error—are uncompromisingly statistical, 
unless it be in the retention of “ p.e.”. Controversy apart, these topics attract 
physicists but little. The Lectures and the Conferences are sometimes be- 
wildering in their combining of the abstract and the practical: thus “ simple” 
rules for probability of single variables and of functions would rarely be use- 
able save by professional mathematicians, and instead of a definition involving 
measure it might have been as illuminating to many to say that “ random ” 
was as undefinable as “ straight’. But such matters raise questions beyond 
the scope of a review. 

There can be no doubt, however, with respect to a detail that is of importance 
in the presentation of a subject which involves physicists and others steering 
their way through a shoal of ideas not fully charted. In view of the care shown 
in production this should be mentioned here. The reprint gives two pages out 
of forty-seven to a spacious list of symbols, with their explanations, arranged 
according to pages: the value of this would have been greatly enhanced had 
the arrangement been approximately alphabetical, which is possible even 
when Greek letters are included. But uniqueness in symbolism is merely a 
desideratum (a failure in this respect is acknowledged as if it were somewhat 
serious) ; what is of paramount importance is definiteness of terminology and 
for testing this glossaries are of prime value. The index to the Lectures is in- 
dispensable, but scarcely complete or discriminating. 

Both publications are helpful guides to a point of view, and should be 
considered by those concerned with ultimate difficulties in expounding 
probability and its implications and applications. It is no drawback that the 
discussions at the Conferences sometimes become topical, and also suggest 
that statistical procedure is to a considerable extent empirical. J. M. 


Vektoranalysis. By S. VaALENTINER. 5th edition. Pp. 136. RM. 1.62. 
1938. Sammlung Géschen, 354. (Walter de Gruyter, Berlin) 


The main feature of this pocket-size book is undoubtedly the quantity of 
the subject-matter that is covered. In the 132 small pages of text, vectors 
and their elementary properties are introduced, together with their applica- 
tions to mechanics, gravitation, hydrodynamics, and electricity. 

The book is divided into three parts. The first part is devoted to definition 
of vectors and the rules for their manipulation, including the various types of 
product, differentiation with respect to a scalar, and the operator “ Y ” with 
all its properties, including the theorems of Gauss and Stokes. The exposition 
in this last section can be commended particularly. 

In the second part, comparatively brief reference on conventional lines is 
made to the above-mentioned physical subjects. The third part deals with the 
linear vector function. 

A point worthy of note is that distinction is made throughout the book 
between polar and axial vectors, the latter being defined as vector products. 
The method by which this is achieved in the case of angular velocity is 
especially interesting. 








an ak. Gh. ae 


The 
ver a 
stiga- 
als— 
with, 


ation 
Lysics 
es of 
tical, 
tract 
s be- 
aple” 
- use- 
lving 
om ” 
yond 


tance 
ering 
hown 
s out 
nged 
| had 
even 
ely a 
what 
r and 
is in- 


d be 
ding 
t the 


Zgest 
J. M. 


1.62. 


ty of 
ctors 
lica- 


ition 
es of 
with 
ition 


es is 


h the 


book 
ucts. 
ty is 








REVIEWS 227 

Considerable use is made of Cartesian coordinates. Whilst it is almost 
impossible to give a complete treatment of the subject without their intro- 
duction, it does appear to be true that excessive dependence on their use 
defeats the main object of the vector notation, which is to be independent of 
an arbitrary frame of reference. B. M. B. 


Essai sur les fondements de la Géométrie Euclidienne. By J. 
MALENGREAU. Pp. 310. 8 fr. suisse. 1938. (Payot, Lausanne) 

It is well known that in projective geometry by using, say, Desargues’ 
theorem and Pappus’ theorem, coordinates may be imposed, and similarly that 
without any previous use of metric notions, coordinates can be introduced 
into Euclidean geometry. It is also known that Euclidean geometry can be 
erected using as the sole notion “ the point-pair AB is congruent to the point- 
pair AC”. If the latter plan be adopted, a great part is played by the opera- 
tion of reflecting in a point, line or plane. 

The book under review, while treating the question differently, is reminis- 
cent, in a sense, of both these tendencies ;_ in its introduction it resembles the 
first method, but it takes as undefined the notion of congruence in the second 
method, and further, and this is the important new feature, it assumes the 
existence of equilateral triangles and regular tetrahedra. This assumption, 
which is made very early, enables the author to pass beyond points with merely 
rational coordinates to points whose coordinates contain certain square roots. 
No continuity axioms or circle axioms are used. It is thus possible to regard 
the book as an axiomatic treatment of lattices. The restrictions on the points 
introduced have as a consequence, for example, that it may not be possible 
to draw in a given plane a triangle similar to one in another plane—the 
required points may be missing. 

My task as reviewer has not been an easy one; no references are made to 
any previous work, and the book is so different in tendency from the treat- 
ments with which I have compared it that it is in all probability uninfluenced 
by them. It is something of a feat, and a welcome one, to have written a book 
giving an entirely fresh treatment. But what will strain the reader’s patience 
is that he will have to learn an entirely new language ; if only the author had 
used the French equivalents of “ straight line ’’, “‘ equilateral triangle ” and 
so forth, the tax on the memory would have been lighter. But no! an entirely 
new vocabulary is introduced, and this is combined with an unusual mathe- 
matical notation. 

This is the first draft of a complete treatise ; the author would be sure of 
more readers if, in the next part, he would give a sketch of his method and 
compare it with that of allied work. H. G. F. 


The Importance of Certain Concepts and Laws of Logic for the Study 
and Teaching of Geometry. By N. Lazar. Pp. 65. $1. 1938. (The 
Mathematics Teacher, 525, W. 120th Street, New York) 


This most interesting book argues that if geometry is to train the mind to 
think logically in other branches of knowledge, the transfer of reasoning power 
must be prepared by the method adopted in teaching geometry. Geometry 
must be utilised as “a medium for making the pupil conscious of logical 
patterns of valid and invalid reasoning’. To do this the teacher of geometry 
must stress the relations between any proposition or theorem and three types 
of proposition connected with it—its converses, its opposites (or inverses) and 
its contrapositives. These types are dealt with in separate chapters, and in 
each case the author’s first care is to explain the definitions of these terms 
(converse, etc.) which he considers desirable in view of the fact that most 
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theorems in geometry depend on several hypotheses and often have more than 
one conclusion. It would take too long to discuss in detail his reasons 
for his choice of definitions, except to say that where they seem open to 
criticism is in his leaving certain basic facts, such as “ ABC is a triangle” 
or “ ABCD is a quadrilateral ”’, outside the hypotheses which he enumerates ; 
on the whole, however, his reasons for his choices seem eminently sensible. 

Here is his definition of a converse: ‘‘ The converse of a theorem may be 
obtained by interchanging any number of conclusions with an equal number of 
hypotheses *. Thus, for example, consider the theorem : 

Data ; ABCD is a quadrilateral in which (i) AB || DC, (ii) AD || BC. 

Conclusions : (i) AB=DC, (ii) AD=BC, (iii) angle A =angle C, (iv) angle 
B=angle D. 

From this the following is obtained as a converse : 

Data : ABCD is a quadrilateral in which (i) AB || DC, (ii) AB=DC. 

Conclusions: AD || BC, ete. This is not often classified as a converse 
of the original theorem. Also, of course, untrue converses can be obtained, 
such as : 

Data ; ABCD is a quadrilateral in which (i) AB || DC, (ii) AD=BC. 

Conclusions : AB=DC, ete. 

With the above definition, to the SAS theorem of congruence of triangles, 
all the other cases of congruence, including the ambiguous ASS case and the 
hopeless AAA case, are converses. 

He next turns to the opposite of a theorem (which he would prefer to call 
its inverse—a course which would presumably not meet with the approval of 
the shades of Drs. Stubbs and Ingram of Trinity College, Dublin, by whom 
‘‘ inversion”? was given a much more technical meaning). Here he gives 
reasons for limiting the term to theorems having only one conclusion, a 
theorem having several conclusions being dealt with by considering each 
conclusion as providing a separate theorem. So he gives as his definition : 
‘“* An opposite of a proposition having one conclusion may be formed by 
contradicting one of the hypotheses and the conclusion”. It follows that a 
theorem with one conclusion furnishes exactly as many opposites as con- 
verses. For example: “If ABC is a triangle having (i) AB=AC, (ii) AD 
bisecting the angle A, then AD is perpendicular to BC ”’ provides two converses 
and two opposites of which one pair is : 

Converse ; If ABC is a triangle having (i) AD perpendicular to BC, (ii) AD 
bisecting the angle A, then AB=AC. 

Opposite : If ABC is a triangle having (i) ABAC, (ii) AD bisecting the 
angle A, then AD is not perpendicular to BC. The truth of these theorems 
does not depend on that of the original theorem but the truth of one implies 
the truth of the other ; they are in fact contrapositives of each other. 

This brings us to the most interesting and most novel part of the book, 
that dealing with the contrapositive. The first definition given is that “‘ the 
contrapositive of a theorem is another theorem obtained from it by contra- 
dicting both the hypothesis and the conclusion and by interchanging their 
respective places”, but this is later extended to cover theorems with several 
hypotheses and one conclusion, which will yield as many contrapositives as 
there are hypotheses, by interchanging the contradictory of one of the hypo- 
theses with the contradictory of the conclusion. In symbols: suppose the 
original theorem to be “ if h, and A, and A;, then C ”’, then one of its contra- 
positives will be “ if h, and A, and not C, then not A,”, and so for the others. 
Moreover each contrapositive of a true theorem is true. A formal proof of this 
is given, though indeed it seems scarcely necessary. Various interesting 
illustrations of the transformations of a theorem which this law, the “ law 
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of contraposition ”’, permits are given. Forexample: “ the exterior angle of a 
triangle is greater than either interior opposite angle” may be stated in the 
form “ if two lines are not parallel the alternate angles are not equal”. The 
contrapositive of the latter statement, namely, “if the alternate angles are 
equal then the lines are parallel ” follows without further proof. 

Again, as the converse of a theorem is the contrapositive of its opposite 
(inverse) it may be simpler to prove that opposite and appeal to the law of 
contraposition for the converse. For example, the converse of Pythagoras’ 
theorem may be immediately inferred if we have proved that “ if a triangle 
is not right-angled, the square on the longest side is not the sum of the squares 
on the other two”. An interesting item is the use of the law of contraposition 
as a method of research. Consider this example: “in two triangles, a=a’, 
b=b’, A#A’; what conclusion may be drawn?” The contrapositive is: 
“if a=a’, b=b’, with some unknown third condition, then A=A’”’. Here we 
at once see that the unknown third condition may be either c=c’ or C=C’. 
Hence in the original statement the unknown conclusion may be either 
c#c’ or C#C’. 

The last chapter in the book deals with the “law of converses’, usually 
attributed to De Morgan but which is shown to have been stated earlier by 
Hauber. This law states, for example, that if in the triangle ABC it has been 
proved that given a = b then A = B, it follows that the three converses 
follow logically, that is, without further geometrical proof. This law the 
author generalises, so that part of the hypotheses may be unaltered, while 
part changes. For example, he takes the three theorems: “if in two 
triangles a=a’, c=c’ and B= B’, thenb =b’” ; from these he shows that 
logically both the SSS and the ASA cases of congruence follow. This chapter 
also deals with the application of the law of contraposition to the notions of 
“necessary and sufficient conditions ”. 

In the recent M.A. Report on geometry the sentence occurs: “ the skeleton 
of logical structure shows through the flesh when we deal with converse 
properties’. Perhaps it would show through even more clearly if we dealt 
with contrapositive properties. Certainly those teachers who are sufficiently 
interested to read Mr. Lazar’s book will be tempted to think so. To encourage 
many to read the book, it may be added that the arguments given in it are 
not at all difficult to follow ; it requires no special training in logic to under- 
stand it quite readily. C. O. TucKEY. 


School Certificate Geometry. By H. G. Green. Pp. xiv, 239. 4s. 6d. 
1938. (English Universities Press) 

The author of this textbook holds the view, not so commonly held now 
as it used to be, that to avoid “ a danger of confusion between the Inductive 
and the Deductive proof” Experimental or Practical Geometry must be 
treated as an entirely independent subject. So we have here a course of Formal 
Geometry, pure and undefiled. It is arranged in five parts and subdivided 
into numbered articles in which related properties are grouped. A set of care- 
fully graded exercises follows each important group, and appended hints for 
the working of some of these exercises are often helpful and illuminating. 
In addition there are nine sets of miscellaneous exercises selected from actual 
examination papers. Answers to the many numerical examples are not at 
present forthcoming. Thc various propositions are in general clearly presented 
and expounded with neatly drawn figures. 

Part I, 30 pp., §§ 1 to 13, is Introductory. It contains some good advice 
to boys who have already had considerable training in Deductive Geometry, 
but to beginners much of this would be unintelligible. 
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On p. 4 we read that a “‘ geometrical plane . . . is such that any two points 
of a plane can be joined by a straight line”. 

On p. 9 it is advised that “‘ hypothetical constructions. . . should be avoided 
as far as possible ’’. 

§§ 4 and 5 deal with the elementary theorems on Angles at a Point, “‘ the 
formal historic proofs” being given “‘as easy introduction to geometrical 
methods of statement”. In this connection the author so restricts the 
meaning of the word adjacent that he puts forward the statement, “‘ Prove 
that adjacent angles are supplementary” and sets as an exercise ‘“‘ Prove 
that if two angles are adjacent and neither is a right-angle, one of them is 
obtuse ”’, 

In this Part certain accepted geometrical facts are ‘‘ laid down” :—On p. 6, 
the join of two points as the shortest distance between them ; on p. 20, the 
“ SSS” case of congruent triangles ; on p. 25, the “‘ SAS ” case of congruent 
triangles. The usual elementary constructions are expounded, proved and 
illustrated. 

Part IT, 98 pp., §§ 14 to 43, deals with Straight Lines, Triangles and Parallelo- 
grams. The properties of parallels are based upon Playfair’s Axiom. 

On p. 56 the “ASA” case of congruent triangles is deduced from the 
“SAS” case, and the “ 4AS” case is deduced from the angle-sum and the 
“ ASA ” case. 

On p. 82 a transversal across a system of parallels is described as making 
“* equal intercepts on the parallels ”’. 

Part III, 60 pp., §§ 44 to 58, deals with the Properties of the Circle. On 
p- 130 more tram lines are “ laid down ” :—In the same circle, or in equal 
circles, arcs which subtend equal angles at the centre or centres are equal, 
and conversely. Then follows the theorem, “If two arcs of a circle are 
equal, the chords joining the arcs are equal”, and further information 
about “ the chords joining the arcs ”’. 

On p. 155, appended to a theorem about the contact of two circles, is the 
following: “Corollary. Iftwo circles touch they cannot cut at any other point. 
For if they touch at P and cut at Q OP=OQ where O is the centre of one of 
them, and 2OPQ=1 right angle or the hypotenuse of a right-angled triangle 
equals a side which is incorrect.” Evidently it does not matter what a boy 
learns at school so long as he does not understand it. 

Part IV, 29 pp., §§ 59 to 64, deals with Proportion, Equiangular and Similar 
Triangles. On p. 197 the definition of Similar Triangles is as follows: “‘ If the 
sides of one triangle are proportional to the sides of another, the triangles 
are said to be similar.” And on p. 200 we read “‘ This theorem ... proves 
that similar triangles are also equiangular”. There is no mention of similar 

figures in the text, but it appears from a hint on p. 205, appended to an 
exercise of inscribing a square in a given figure, that a figure similar to a square 
is another square, not merely a rhombus. 

Part V, 21 pp., §§ 65 to 71, treats of Elementary Metrical Properties of some 
of the Solid Bodies. The author is obviously unhappy about this Part, un- 
willingly inserted because “ introductory Solid Geometry is required by some ”’. 
As experience, observation and intuition, “like the flowers that bloom in the 
Spring tra la have nothing to do with the case”, this book shows no appre- 
ciation of the meaning of Introductory Solid Geometry. W. J. D. 


Sane Arithmetic for Seniors. II. By C. WarreLy. Pp. 64. Limp 
cloth, 1s. 3d.; manilla, ls. 1938. (Harrap) 

This book is as good as its predecessor which was favourably reviewed on 
p. 214 of Vol. XXII of the Gazette. It contains 38 exercises on everyday appli- 
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cations of arithmetic, ranging from election results to discounts and percent- 
ages in bargain sales. Manipulation of money is prominent, but only in such 
questions as arise in real transactions. Simple fractions are required for 
questions on areas and scale drawings. Decimals are conspicuously absent. 
Many exercises begin with a table such as air mail or parcels rates, and questions 
are based on this table. This excellent plan is too little used in textbooks. 
For pupils of 10 or 11 this book should be interesting and stimulating. 

C. T. Datrry. 


Functional Arithmetic through Citizenship. I. Four Walls. II. Here 
and There. By J. TrevetyAN and J. Mortry. Pp. 88 Is. 6d. 
Pp. 90. 1s. 6d. 1938. (Longmans, Green) 

These two books are the first of a series of four, including “ Ways and 
Means ”’, “‘ One and All”. The teacher’s edition of ‘‘ Four Walls”’ has a clear 
introduction stating the aims of the books which are briefly : 

(1) The books are based on the ideas contained in the “ Handbook of 
Suggestions for Teachers ”’, summed up in the quotation: “‘ We realise more and 
more the importance of broadening the aims of education . . . and we feel more 
deeply the need of relating what is taught in the schools to what is happening 
in the world outside.” 

(2) The approach to Arithmetic is new. The introduction says, “ It is not 
taught as a subject on its own but is discovered by the child through a study 
of the more interesting aspects of everyday life’’. 

(3) The books are to be considered as training in serious reading rather than 
“ doing sums ”’. 

Accepting these principles, the books appear to carry out these aims. 
It is difficult to give specific examples to illustrate the first point, but the 
general method in the books does make a real attempt to develop the subject 
in the spirit indicated by the quotations. 

In the first book the meaning of the fundamental processes of addition, 
subtraction, multiplication and division, and ideas of area are taught through 
the designing, building and furnishing of “‘ Four Walls ’—a carefully planned 
and sensible modern house. The latter part of the book concerns the budget 
of the family who live in the house. 

In the second book the idea of community life is developed. The manage- 
ment of large numbers, fractions, decimals, and very simple ideas of pro- 
portion are taught through a study of Population, Maps, Travelling Post 
Office, etc. 

The third point is developed in the form of the books. They are written for 
and addressed to the children, and certainly provide valuable training in this 
matter. Most children fail to understand the significance of even a paragraph 
of explanation between successive examples, and these books try to remedy 
this. The reading matter is interesting and sensibly connected, and the 
“sums” come as necessary examples of the main facts. The authors stress 
the value of keeping an “ Arithmetic ” notebook for cuttings, plans, pictures 
of furniture, etc., thus encouraging the fruitful idea that arithmetic is not only 
working sums. In my opinion the authors underestimate the difficulties of a 
child in grasping the kind of material presented, and do not allow sufficiently 
for the ordinary child’s very limited background, so that the amount of material 
covered would overwhelm and confuse. The teacher would need to select 
judiciously to cover the ground in a reasonable time. 

As the work is unusual, perhaps these points can best be illustrated by the 
details of two chapters, taken at random. 

Book I, Chapter XI: Housekeeping. In the previous chapter the broad 
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divisions of the Smiths’ income have been considered and 34s. alllowed for 
housekeeping. There is an introductory paragraph on needs, e.g. food, 
cleaning and replacements, and a reminder of the importance of careful 
choice of food. Then follows a description of the week’s buying. “‘ We 
had a large white loaf of bread every day except Sunday and a 


small brown on Tuesday, Thursday and Saturday”; “on Monday and 
Tuesday we had meat from the joint, on Wednesday and Thursday stew, and 
on Friday sausages’; . . . “ tooth-paste ; shoe-polish ; new saucepan.” The 


children calculate each bill and the total account, and the book stresses the 
need for being a little inside the estimate. The exercises follow, being mainly 
calculations of various quantities of goods. 

Book II, Chapter III: Overcrowding. The idea of the necessary space for 
each person is considered in relation to the classroom, and extended to private 
dwelling-places. Each person does not get an exact number of square feet of 
floor space, so that the idea of an odd 7 sq. ft. to be shared among 35 people 
brings in the idea of fractions. The simplification of 3% sq. ft. leads to equiva- 
lent fractions, and cancelling and the examples are on these. 

The authors’ idea is that these books will be suitable for teaching arithmetic 
to children after 11+ when they have a knowledge of the processes of addi- 
tion, etc., but littie else. They feel that these books will be the course, occasion- 
ally supplemented by extra examples. With this, I feel compelled to disagree. 
The authors seem to have a confused idea of the child’s “ reality ”’, i.e. of the 
child’s experience. To most children, rents, houses, housekeeping, travelling— 
matters which involve large sums of money—have no more reality or meaning 
than the unattached symbols in Ex. XIII (a) of the ordinary book. To me it 
seems that a child trying to appreciate at the same time the facts of rainfall 
measurement and to learn addition of decimals would be left in a muddle. If 
the process were taught first with the minimum of apparatus and consolidated 
with dozens of examples until the child feels his power and control over the 
symbols, then he is delighted to have these connected to his out-of-the-class- 
room experience. His thought, released from the effort of manipulation, is 
free to apprehend the connection. 

For instance, the chapter on Housekeeping brings in the ordinary processes 
with which the child has struggled from his earliest years, and shows their 
use in ordinary life. During the struggle for mastery the child did not ask 
their use, for he was concerned with control, but at 11+ he is ready to be 
taught to connect these processes with the reality of the adult. The chapters 
of “ Four Walls ” are excellent for this. 

In the other chapter, the idea of space per person, new and novel to a child 
who has probably never thought of needing “‘ space”’, is mixed with the first 
manipulation of simple fractions. Here it seems to me the child’s aim will be 
divided, and he will get worried. On the contrary, a child taught fractions 
with plenty of “ unreal examples ” will find with joy that this knowledge can be 
usefully applied, and his mind is free to consider the application. This is the 
defect, though the authors claim it as a merit, of ‘‘ Here and There”. 

To sum up, the authors’ intention is to teach through these books, and, 
granting that, they do it in a fascinating and sensible manner. The books 
then provide for the arithmetic of 11+ to 12+ for secondary or good senior 
school pupils; I should say that they would do better service in consolidating 
and showing the value of known processes. This, however, is but a personal 
opinion and is oply to suggest that they will be valuable to anyone who 
is teaching arithmetic to children over 11; to read, enjoy, analyse and ques- 
tion ; and to use to bring home to the children that the work they do is part 
of the necessary equipment for their adult life. D. E. 8. 
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Die klassischen Probleme der Analysis des Unendlichen. By G. Kowa- 
LEWSKI. 3rd edition. Pp. viii, 404. RM. 10. 1938. (Koehlers Antiquarium, 
Leipzig) 

This third edition of Professor Kowalewski’s valuable introduction to the 
Infinitesimal Calculus is a revised and expanded form of the second edition 
which appeared in 1921. The first edition was published in 1909 and when 
the second edition appeared it had to be reduced in size on account of the 
greatly increased costs of production. The present edition restores the book 
to its original size. 

The book is divided into three chapters of almost equal length. Chapter I 
is on Limits and Series, Chapter II on Differential Calculus, and Chapter III 
on Integral Calculus. The author stated in the preface to the first edition that 
the book was intended for beginners, his Grundziige der Differential und Inte- 
gralrechnung having been written for more mature students. The author has 
succeeded in a very expert fashion in combining, with a clear and logical 
treatment, many historical references to the work of pioneers in the early 
development of the subject and he has done this in a most interesting and 
stimulating way. For this reason the reviewer feels that beginners, anxious 
merely to learn the technique of the subject, are less likely to benefit by these 
historical references than more mature students, who are better able to 
appreciate the difficulties which the pioneers had to overcome, when they have 
previously mastered the technique. 

In the first chapter, a good account is given of the fundamental limit 
theorems and of criteria for convergence of and elementary operations on 
infinite series. The chapter on Differential Calculus contains, in addition to 
the usual fundamental theorems, a discussion of some special curves as well 
as of term-by-term differentiation of power series and differentiability of 
functions of several variables. In the third chapter, we have the usual topics, 
such as quadrature, rectification, the integration of rational functions and a 
discussion of single and double integrals. There are sections on the theorems 
of Gauss and Green and on Harmonic Functions, and the chapter concludes 
with a brief section on Functions of a Complex Variable and even a short 
paragraph on Integral Equations. 

Although the book contains a number of interesting worked examples, 
from the point of view of English students it suffers, in common with most 
Continental textbooks, from the disadvantage of containing too few examples 
suitable for exercise work. Although the book contains much of the work in 
real variable theory which would normally be required by first-year Honours 
students in an English University, the amount of space devoted to the his- 
torical aspect does not allow of a full enough treatment of the subject to make 
the book very suitable as a textbook for English students. In spite of this, 
however, English students cannot fail to derive great benefit from reading 
this interesting and stimulating account by one who is so evidently an experi- 
enced and attractive teacher of the subject. The book is clearly printed, 
contains a useful index and appears to be free from misprints. KG. 2. 


Panmagische Quadrate und Magische Sternvielecke. By F. Firrine. Pp. 70. 
RM. 3. 1939. Scientia Delectans, Heft 4. (Koehlers Antiquarium, Leipzig) 

This fourth volume of the ‘‘ Scientia Delectans ”’ series is concerned, as was 
the second (which I recently reviewed in the Gazette), with magic squares. In 
the first part the author describes his method of constructing pan-magic 
squares. He starts by considering a given 8? pan-magic square, each of whose 
elements is one of the 64 numbers 0, 1, 2, ... , 63. By expressing each of these 
numbers in the binary scale, six component 8* squares are formed, each of 


Q 
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whose elements is either 0 or 1. Several examples of the construction of 
8* squares are given and the method is also applied to 12* and (4)? magic 
squares. Although the author is mainly concerned with squares of even order, 
he applies his method to one example of a 9? square. The formation of the 
component squares is the fundamental process, for by means of these com- 
ponents, not only is the construction of a pan-magic square simplified, but it 
also provides a purely mechanical method of constructing a very large number 
of other squares of the same kind from a given one. 

The second part of the booklet is concerned with magic star-polygons. An 
(n, m)-star is made up by joining the vertices of a regular n-gon by lines 
joining each vertex to the mth one following. Thus, if ADGBEHCF are the 
vertices of a regular octagon, the sides of an (8, 3)-star are AB, BC, ... , GH, 
HA. These lines intersect in 8.3 (=24) points and the star is magic if the 
numbers 0, 1, ... , 23 are placed, one at each point, and so arranged that the 
sum of all the numbers on each side is the same number (69): this number 
is the constant K of the star. The author applies a method, similar to that 
used in the first part, to the construction of magic stars of orders (9, 2), (7, 2), 
(8, 2) and (8, 3). 

Magic star-polygons are probably less well known than magic or pan-magic 
squares, and booklets on topics of this kind will not, of course, appeal equally 
to all mathematicians, but those to whom such studies are fascinating will 
no doubt find something of interest in this monograph. E. G. P. 


A bibliography of symbolic logic. By A. Cuurcu. Reprinted from the 
Journal of Symbolic Logic. Two parts: pp. 98,24. $2.50; allrag paper, $3.25. 
1936 and 1938. (Association for symbolic logic, Brown University, Rhode Island) 

This complete bibliography, from 1666 (Leibniz’ De arte combinatoria) to 
1935, appeared originally in two numbers of the Journal of Symbolic Logic, 
which proposes by its reviews and biennial indexes to keep the bibliography 
up to date. Professor Church has done his work most conscientiously : he 
has listed items (frequently with explanatory quotations) by some 628 authors, 
and the smallness of his mesh is shown by the fact that he includes reviews in 
the Gazette. For the purpose of the bibliography he takes symbolic logic to 
be “ the formal structure of propositions and of deductive reasoning investi- 
gated by the symbolic method ”’, and consequently excludes works on philo- 
sophical logic. But what is called in England “ foundations of mathematics ” 
is included ; and the whole considerable recent literature dealing with formal- 
ism, finitism, intuitionism, and the methods of mathematical proof (together 
with related subjects such as the Zermelo axiomatic set theory) will be found 
listed. There are three admirable indexes, of subjects, of reviews, and of 
authors ; and the book should be given a place in any considerable mathe- 
matical library. 

Professor Church has enjoyed himself, and assisted the student, by awarding, 
in the Baedeker manner, two stars to works which “‘ mark the first appearance 
of a new idea of fundamental importance ”, one star to works “ of especial 
interest or importance”, and a dagger to works “recommended for their 
expository value”. His standard is a high one, and only eight authors— 
Boole, de Morgan, Frege, Hilbert, Russell, Zermelo, Brouwer, Gédel—score 
two stars. Of the 44 others who score one star, Ramsey is the only Briton 
since Whitehead. R. B. BrarTHwalTe. 


Gewohnliche Differentialgleichungen. By G. HonztseL. 3rdedition. Pp. 
126. RM. 1.62. 1938. Sammlung Géschen, 920. (Walter de Gruyter, Berlin) 
The second (1930) edition of this booklet had 159 pages of text ; the decrease 
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is largely accounted for by closer printing and a greater use of abbreviations, 
but partly also by the complete recasting of several sections. The existence 
theorem for the linear equation of order » is now founded on the n-fold linear 
system, and in general the theoretical discussion of the linear equation has 
been vastly improved. On the other hand the particular discussion of the 
equation with constant coefficients has been too drastically cut down, and 
compares unfavourably with that in the earlier edition. The former section 
on integration by a definite integral has entirely disappeared, but otherwise 
the total content of the first two chapters (I, Equations of the first Order, 
II, Equations of higher Order, particularly linear equations) is much the same 
as it was. 

The remarkable feature of this booklet was, and still is, its third chapter on 
Boundary Problems. In the second edition it amounted to 50 pages, now 
only to 30, but as the chapter has been completely recast the mere loss of bulk 
is outweighed by a sounder and more up-to-date treatment. 

No book on differential equations has ever reached so high a degree of con- 
densation ; this together with some annoying little errors (mainly but not 
entirely due to the printer) and the dearth of illustrative material, prevents 
its being recommended to the average student. But to one who has learnt 
the ropes under less intensive instruction, it would serve as a most stimulating 
revision text and as a pointer towards more advanced reading. EK. L. I. 


Figuring with Graphs and Scales. By H.G.Smrru. Pp. x, 62. 4s. 6d. 
1938. (Stanford University Press: Humphrey Milford, Oxford University 
Press) 

This booklet is intended to popularise the use of log-log and of semilog 
ruled paper for representing straight-line graphs to exhibit certain relation- 
ships, particularly some occurring in business problems such as those of 
discount and depreciation, and no doubt for some of these it will prove useful 
and suggestive. A number of specimen graphs are reprinted from Californian 
technical business periodicals. 

There is a preliminary discussion on graphs, logarithms, and slide rules, a 
final section on nomography, and a faulty reference to correlation. We have 
detected no misprints, but there are some awkward and vague turns of phrase. 
It is not our place to criticise the pamphlet from the point of view of the 
economist. But the mathematician will wonder why on a log-log graph such 
as that of p. 33 the writer troubles to perform a multiplication instead of 
drawing a parallel line. We may note that the inventor of logarithms is not 
correctly described as John Napier, Baron of Merchiston. A population, 
formed of a finite number of component parts, each increasing at a different 
constant rate, will not itself exhibit a constant growth rate, as is implied on 
p. 22. Itis unfortunate to retain the school symbolism, P, n, r, in the deprecia- 
tion, etc., problems in place of the more generally accepted actuarial one. 

Ruled paper as described is not very frequently used—very few, e.g. of the 
catalogues of those firms who supply scholastic stationery appear to make or 
market such papers, and the sheets that are obtainable are rather dear—and 
suggestions for its more extensive use should receive careful consideration. 

Frank SAnpon. 


Modes of thought. By A. N. WurreHEapD. Pp. xii, 241. 7s. 6d. 1938. 
(Cambridge) 

“Philosophy ”, says Whitehead in this book, “is the attempt to make 
manifest the fundamental evidence as to the nature of things... . Philosophy, 
in any proper sense of the term, cannot be proved. ... Philosophy is either 
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self-evident or it is not philosophy. The attempt of any philosophic discourse 
should be to produce self-evidence.” 

This being the case, the reader naturally asks what is the nature of the 
self-evidence of a philosophic discourse, and he will probably answer that a 
proposition is self-evident to a thinker when he feels it is self-evident. A man’s 
philosophy then becomes an expression of his own personality as it has 
developed in his social and intellectual environment; his attitude to the 
universe, when formulated in a series of propositions, becomes his philosophy ; 
if this attitude is the result of insight given by experience, it will have an 
impersonal value, but it may be the result of needs which have become 
desires, then wishes, and then beliefs. We desire things for ourselves, for 
others, for the world ; the higher selfishness may merge into the larger hope. 
Others of less happy temperament, or by reason of some darkness in the soul, 
may create a philosophy from their sense of frustration and use it as a means 
of self-torture. The universe takes its revenge on those who regard it too 
seriously. The placid temperament of Hume accords well with his easy-going 
scepticism ; incidents in the life of Schopenhauer can account for the bitter 
tinge of his thought. Can self-evidence in philosophy be a test of truth? 

A man’s philosophy is also influenced by the age in which he lives. Our 
age is one of action rather than of contemplation. The scholar was reputed 
in old days to have magical powers ; he was often a member of a body with 
spiritual powers. To-day it is the scientific man and the inventor whose 
deeds surpass those ascribed to magicians in the myths. The laboratory and 
the market-place take precedence of the study. Whitehead has felt the full 
force of this era of turmoil and his philosophy revolves round change and 
process, growth and development from the past to the future. Others there 
are who have no pleasure in the present riot of change, who hanker for the 
permanent, and would define heaven as a place where nothing ever happens. 
To these some form of ‘‘ Platonism ”’ has an irresistible appeal, with its vision 
of a changeless and abiding world beneath the transitory. Any such view is 
vigorously repudiated by Whitehead as an inheritance from the fall of the 
Roman empire, and the tired decadence of eastern civilisation. He is equally 
critical of the facile creeds of behaviourism and phenomenalism : Importance 
and Expression are key notions in his philosophy. He opposes the excessive 
stress laid by some on formal logic. The mathematician will read with agree- 
ment and in humility: ‘‘ Succession of details of self-evidence is termed 
‘proof’.... Unless proof has produced self-evidence, and thereby rendered 
itself unnecessary, it has issued in a second-rate state of mind.... Proof is 
one of the routes by which self-evidence is often obtained.” 

Whitehead leaves doors open which others close. ‘‘ Eternal mathematical 
forms are essentially referent to process.... Any knowledge of the finite 
involves reference to infinitude.... Each entity of whatever type involves 
its own connection with the universe of other things.” A philosophy so open 
suggests a doubt of all philosophy : it would surely be an odd accident if the 
two modes of the universe, the material and the mental, to which in some 
unaccountable way we have awakened, were the sole modes. Other modes 
may interpenetrate these two, perhaps causally, and if not causally, it may 
still be impossible to understand these modes within these modes: compre- 
hension of the world may be possible only from outside the world : neverthe- 
less as partial understanding is possible, we may accept, as a working hypo- 
thesis, the possibility of philosophy. 

The reviewer, who cannot of course claim to be a philosopher, has found 
this book easier reading than much of Whitehead, but it must be tasted, 
weighed, and pondered, sentence by sentence. H.. G. ¥; 
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American Mathematical Society Semicentennial publications. I. A 
semicentennial history of the American Mathematical Society, 1888-1938, 
with biographies and bibliographies of the past Presidents. By R. C. 
ARCHIBALD. Pp. xi, 262. II. Semicentennial addresses of the American 
Mathematical Society. Pp. 315. 1938. (American Mathematical Society, 
New York) 


In the first volume of the Journal of the London Mathematical Society there 
is a charming article by J. W. L. Glaisher on the early history of the Society, 
with many reminiscences of the late ’seventies and early ’eighties, when 
Cayley, H. J. S. Smith, Clifford and others were active members. He does 
not mention that several times during 1887 he took as a guest a young 
American post-graduate student, Thomas Scott Fiske. But these meetings 
may well have prompted Fiske’s action in setting on foot, on his return to the 
United States, the founding of a mathematical society, now the American 
Mathematical Society, which we all recognise today as one of the major 
mathematical societies of the world. The two volumes before us, published for 
the Society’s Jubilee, adequately commemorate the occasion. 

The first volume deals with the history of the Society. It is edited by 
R. C. Archibald ; this is in itself a sufficient commendation of the volume. 
It has all the patient care and methodical accuracy we expect from its editor, 
and the searching inquiry into quite small, almost trivial, points of biography 
and bibliography is also evidence of the affectionate devotion he has given 
to his task. In the first half of the book we have an account of the Society’s 
growth, finances, meetings, secretaries, Library, Bulletin, Transactions, Collo- 
quium lectures and Colloguiwm Publications. In the second half there are 
sketches, with photographs, of the Society’s twenty-four Presidents. Each 
sketch is divided under the headings: Curriculum Vitae, Honors, Biographical 
notes (with sources) and Bibliography. In some instances as many as three 
hundred items are listed in a single bibliography. Such a labour of love may 
well have been sustained by pride in a list of Presidents which includes the 
names of G. W. Hill, 8. Newcomb, E. H. Moore, W. F. Osgood, E. W. Brown, 
L. E. Dickson, G. A. Bliss, O. Veblen, G. D. Birkhoff and S. Lefschetz. Our 
own Association, knowing what benefits are derived from having an enthusi- 
astic bibliophile as Librarian, will congratulate the American Society on the 
good fortune which gave it as Librarians D. E. Smith (1902-1920) and R. C. 
Archibald (1921-1938). 

It is clearly impossible in a short review to deal in more detail with the con- 
tents of this volume; to a non-member the most interesting parts are the 
first chapter, ‘‘ The Society, 1888-1920” and the accounts of the Presidents. 

The second volume contains nine contributions : 


Fifty years of algebra in America, 1888-1938, by E: T. Bell. 
Algebraic aspects of the theory of differential equations, by J. F. Ritt. 
The historical background of harmonic analysis, by N. Wiener. 
Recent developments in the calculus of variations, by KE. J. McShane. 
Recent trends in geometry, by T. Y. Thomas. 

The sphere in topology, by R. L. Wilder. 

Dirichlet problems, by G. C. Evans. 

Hydrodynamical similarity, by J. L. Synge. 

Fifty years of American mathematics, by G. D. Birkhoff. 

These addresses have not been constructed on a uniform plan, but each 
author has dealt with his subject in the way which appeared to him to be the 
most fitting. The result is that we get characteristic accounts of those parts 
of mathematics which have proved most attractive to and have been most 
frequently attacked by American mathematicians. Of the more technical 
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addresses, to single out Wiener’s searching and suggestive discussion of har- 
monic analysis, and Evans’ very lucid exposition of modern investigations 
on Dirichlet’s problem and harmonic functions, is perhaps only the result of 
personal preferences; but we can be glad that Bell’s statistical analyses of 
papers on algebra have not caused him to forget his customary vivacity of 
expression. The final survey of fifty years of American mathematics by one 
who has been responsible personally and by example and encouragement for 
so much of the valuable work which he describes is full of interest ; it suggests 
that whereas in 1888 American mathematics was adolescent it is now in 
energetic maturity. Not long ago, we recognised in Germany and particularly 
in Géttingen the focal point of mathematical endeavour ; today, it is rather 
the United States, and in particular, Princeton. To this change many factors 
have contributed, the vast population, the systematic encouragement of 
education and research, the reception of distinguished men obliged to leave 
their native lands ; the steady progress of the American Mathematical Society 
is another of these factors, and in these two volumes we have an admirable 
account of a great career. T. A. A.B 


The nature of proof. ByH.P.Fawcerr. Pp. xi, 146. 1938. Thirteenth 
Yearbook of the National Council of Teachers of Mathematics. (Columbia 
University, New York) 

This is a fascinating book which can be most warmly recommended to all 
teachers of elementary geometry. Its title disguises the fact that it is mainly 
the record of an experiment, on lines which no doubt have suggested them- 
selves to most teachers; but I have not hitherto seen an account of any 
similar experiment carried out so carefully and over such a long period of 
time. The first chapter discusses the values which are claimed for demon- 
strative geometry, the second chapter describes the experimental conditions 
and data. Fifty pupils from the ninth, tenth and eleventh grades, with an 
age spread from 13 to 18, the bulk being of age 16, were divided into two 
classes A and B; for four forty-minute periods a week for sixty-eight weeks 
class B took an ordinary course in formal geometry, while class A was used 
as the experimental material ; the division was more or less a random section, 
as the tables comparing ages, grades and even intelligence scores for the two 
groups show, though since intelligence tests have convinced the reviewer that 
he is practically an imbecile, he is perhaps unfairly prejudiced against such 
tables. The author is careful to state that the superficial inference that class 
B could be taken as a control is unsound, for reasons which will be clear to 
any teacher. 

Class A, then, arriving for its first period, complete with notebooks, pencils, 
rulers and compasses, waiting to be told to obtain copies of Messrs. So-and So’s 
New Geometry, was not unnaturally surprised when the teacher remarked 
that, as there was no great hurry for the geometry, they might discuss the 
practical proposition “ that awards should be granted for outstanding achieve- 
ment in the school’. After a vigorous discussion from which nothing much 
emerged, one pupil remarked, ‘‘ Most of this trouble is caused by the fact that 
we don’t know what we mean by ‘ awards’ or by ‘ outstanding achievement ’ ”’. 
Four weeks were spent on various discussions, and pupils and teacher then 
agreed on the need for precise definitions and explicit recognition of assump- 
tions ; they also decided that definitions and assumptions are not sent down 
ready-made from Heaven, but must be the result of group agreement ; and 
discussions on “‘ What is an aristocrat?” “‘ Whatis the labor class?” ‘ What 
is an obscene book?” suggested as a corollary that such group agreement 
is difficult to obtain “in situations which cause one to become excited ”’. 
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Various proposals for further discussions were made and rejected as likely to 
lead to emotional complications, and a suggestion from the teacher resulted in 
an agreement to “ build a theory about the space in which we live”. The 
main lines of the remainder of the course will now be apparent ; the collection 
and classification of undefined terms, definitions, assumptions, the beginnings” 
of formal proof, the slow but thorough construction by the pupil of his own 
textbook. There is much in the detailed account which will be of value to 
the teacher, many points which he may find can be worked into his own more 
pedestrian geometry lessons, much food for thought and experiment on the 
conduct and aims of a geometry course in the more severely circumscribed 
conditions under which he normally works. 

We are also given “ evaluations ” of the course written by observers who 
included students training in a college of education, by the pupils and by their 
parents. These seem to show that the class-discussions were real, a valuable 
piece of evidence, since it is very difficult for the teacher himself to be sure that 
the class is really discussing the subject and not merely following his leads. 
The pupils themselves evidently enjoyed the course and profited by it ; many 
of them assert, apparently sincerely, that they had lost the dread of geometry 
which they had felt before the course began. The parents agree, in the main, 
that the course had been of real value in improving the ability of the pupils 
to think critically, though some, not unnaturally, feel that the tendency to 
think critically produced cynicism and quibbling. Finally, from essays on 
“The evolution of proof” written by the students, the teacher, with the 
assistance of the English teacher, selected two of the best, two of average 
quality and two of the worst, and these six are printed inan Appendix. These 
are as interesting as anything else in the book and are themselves sufficient 
evidence of the value of the course. One small point: to disparage Euclid 
because, many centuries after his death, people were foolish enough to use his 
Elements as a textbook for young children, is illogical; I suspect that the 
reason that some of the essays incline to this disparagement is that among 
the books used by the students in preparing these essays is one whose stimulus 
is unfortunately dangerous because of a false historical perspective. 
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Tables of tan~'x and log (1+x”). By L. J. Comer. Pp. 18. 3s. 9d. 
1938. Tracts for Computers, No. 23. (Cambridge University Press) 

This table is another valuable addition to the useful series of tracts dealing 
with computational subjects and providing many tables useful to all types of 
computers. They originate from the Department of Statistics at University 
College, London, under the editorship of E. 8. Pearson. 

The present tables were prepared to assist in the calculation of ordinates 
when fitting frequency curves of Pearson’s Type IV. These ordinates, y, are 
given by the formula 

log y=log y. + A tanaz + B log (1 + 2), 
in which y, A and B are constants. The tables are arranged to suit this 
purpose, which means that tan—'z is given in radians and the two functions 
are printed side by side. Seven decimals are given for both functions and 
the ranges of tabulation are :— 


for tan x2: 2=0-00(0-01) 5-0(0-1) 20(1) 164 ; 

for log (1+a*): #=0-00(0-01) 5-0(0-1) 15-0. 
Second differences are provided throughout, and are sufficient to give inter- 
polated values of either function correct to within a unit of the seventh decimal 
over the whole range covered, except for a small part of the tan—z table. It 
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is perhaps worth noting here that interpolation may also be performed in the 

last-mentioned table by means of the simple approximate formula 
tan—1z=tan“'2, + (% — 2)/(1+ x2), 

where 2, is the tabular argument nearest to x. The error of this formula never 

exceeds a half unit in the seventh decimal, being greatest near x=0. The 

tables are preceded by a four-page example of the application to curve-fitting. 

The arrangement and printing of the whole work, on quarto pages, leave 
nothing to be desired. 

With Comrie as author, and in view of the care with which the tables have 
been prepared, it is perhaps unnecessary to remark that they are completely 
reliable. In addition to the checks applied by Comrie, the whole of the table 
of log (1+?) has been compared by the writer with Peters’ Zehnstellige 
Logarithmentafeln, and the first 300 values of tan—!z by W. G. Bickley with 
independent calculations of his own; no errors were found in these values, 
The illustrative example, however, does not aim at the same accuracy ; there 
are occasional errors of about a unit in the final figure, which is, of course, 
retained only in order to avoid accumulation of errors. 

The table of tan, in particular, helps to fill a very conspicuous gap in 
the range of tabulated functions. The only similar table appears to be that of 
Hayashi, which is unreliable. Consequently the tables here reviewed should 
have a wide range of usefulness, in addition to the particular application for 
which they were designed. J. C. P. MILLER, 


Tables of Addition and Subtraction Logarithms with Six Decimals. 
By B. Coun. Second Edition, with preface by L. J. Comrie. Pp. viii, 63. 
10s. 1939. (Scientific Computing Service Ltd., 23 Bedford Square, W.C. 1.) 

This is a reprint of a German table published thirty years ago, which has 
proved to be of great assistance to computers to whom a calculating machine 
is not available, such as, for instance, surveyors on field work, and to those 
who prefer to use logarithms. 

Since these functions appear to be logarithmic “ Cinderellas ”’, it may be well 
to give a brief explanation of their use. In various calculations we frequently 
require the value of log (a+6) when both log a and log} are known. This 
requires three references to a table of ordinary logarithms—to find a, 6 and 
the log (a +6). Let us, however, write 

loga-logb=D, (a>b), log (a+b) -loga=A. 
Then A, called an Addition Logarithm, is a function of D; in fact, if D=log x 
then A =log (1+1/z). 

The tables give values of A with D as argument. Thus only one reference 
to them is needed in order to obtain log (a+b). Subtraction Logarithms, which 
give S=-—log(1-1/z) as a function of D, are also tabulated and may be 
used in a similar fashion when finding log(a—}6). Linear interpolation is 
possible throughout both tables, and proportional parts are given. A useful 
feature is the printing of relevant formulae at the foot of each page. 

Photographic reproduction from the first edition has been used with excellent 
results and an English preface added. This gives a useful explanation and a 
number of varied applications. The tables have stood the test of thirty years 
of constant use ; it is thus evident that any attempt by the writer to test their 
accuracy would be wasted effort, and none has, in fact, been made. 

Such tables are almost indispensable to computers who use logarithms a 
great deal, and it seems a pity that the use of Addition and Subtraction ~ 
Logarithms is not taught more frequently in schools, at any rate to students 
who are likely to encounter much numerical work. J. C. P. MILter. 
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‘STAGE A’ GEOMETRY 


By R. W. M. GIBBS, B.A., B.Sc. 


Fourth Edition, with 159 figures in the text and 363 exercises. 
With or without answers, 2s. 3d. 


The book is suitable for use in the lower forms of public and secondary 
schools, in preparatory schools (it affords an admirable preparation for 
Common Entrance) and Central schools. 


‘A delightful little book with which to introduce the study of Geometry.’—Journal of 
Education. 


DEDUCTIVE GEOMETRY 
TO SCHOOL CERTIFICATE STANDARD 


By R. W. M. GIBBS, B.A., B.Sc. 
Third Edition, with 254 figures in the text and 1023 exercises. 
Pupils’ Edition, 4s. 6d. ; Teachers’ Book, 7s. 6d. 

This book completes the new Geometry of which the first part is 
“Stage A’ Geometry. The sequence adopted is approximately that of 
the 1.A.A.M. Report and of the Cambridge syllabus, and the whole 
forms a systematic and logical treatment of Euclidean Geometry. 


‘It is not too much to say that the teacher has only to base his method on the lines 
suggested in this book to be sure of according himself and his pupils every opportunity 
of making their work a success.’—Journal of Education. 


» ELEMENTARY ALGEBRA 
FOR SCHOOLS 
By R. C. FAWDRY, M.A., and H. C. BEAVEN, M.A. 


In Two Parts, each 3s. without answers ; 3s. 6d. with answers, 
or complete, without answers, 5s. 6d. ; with answers, 6s. 6d. 











‘An excellent introduction to the subject. . . . The book is well set out and 
clearly printed.’—A.M.A, 


‘This is an excellent book, written by experienced teachers.’—The Schoolmaster. 





i A NEW TRIGONOMETRY 

By A. CLEMENT JONES, M.A., Ph.D., and H. F. NEWTON, 
M.A. 

In Two Parts, with or without answers. Part I. Is. 9d.; 


Part Il. 2s. Complete: without answers, 2s. 9d.; with, 3s. 


Part |. will be found sufficient for general school certificate use. Part Il. 
completes the syllabus for school certificate additional Mathematics and 
for matriculation Trigonometry. 


Write for Specimen Copies to: 


A. & C. BLACK, LTD. 
4,5 and 6 SOHO SQUARE, LONDON, W. | 

















NOW READY 
A 


NEW GEOMETRY 
FOR SCHOOLS 


By;CLEMENT V. DURELL, M.A. 
Stage A, Is. 6d. Stage B, 4s. 6d. (Also in parts). Together, 5s. 6d. 


In writing this entirely new book Mr. Durell has taken the 
opportunity to recast his treatment of the subject in the light 
of the experience gained and the suggestions received since his 
well-known Elementary Geometry appeared fourteen years ago. 
He has also been able to make full use of the Second Report 
of the Mathematical Association on the Teaching of Geometry. 
The book contains a comprehensive course of geometry from 
the first stage up to the standard of the School Certificate Ex- 
amination and provides a treatment which lends itself both to 
class teaching and to individual use by the pupil. The examples 
are carefully graded in the same way as in the author’s widely- 
used General Arithmetic. Among a number of special*features 
one which may be mentioned is the extensive use of diagrams 
in the exercises. Much thought has been given to clarity of 
type and the best possible lay-out of the material. 


*,* A book of Hints and Solutions will be available 





EXERCISES AND THEOREMS 
IN GEOMETRY 


This is an alternative arrangement of the material contained 
in A New Geometry. It should appeal to teachers who prefer 
to have Exercises, Constructions and Theorems respectively 
collected together in separate sections of the text-book. The 
book is issued in forms and at prices similar to those of A 
New Geometry. 











G. BELL & SONS, LTD. 
YORK HOUSE, PORTUGAL ST., LONDON, W.C.2 




















